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Abstract
We develop an effective field model for describing FQH states with rational filling factors
that are not of Laughlin type. These kinds of systems, which concern single layer hierarchical
states and multilayer ones, were observed experimentally; but have not yet a satisfactory non
commutative effective field description like in the case of Susskind model. Using D brane
analysis and fiber bundle techniques, we first classify such states in terms of representations
characterized, amongst others, by the filling factor of the layers; but also by proper subgroups
of the underlying U (n) gauge symmetry. Multilayer states in the lowest Landau level are
interpreted in terms of systems of D2 branes; but hierarchical ones are realized as Fiber
bundles on D2 which we construct explicitly. In this picture, Jain and Haldane series are
recovered as special cases and have a remarkable interpretation in terms of Fiber bundles
with specific intersection matrices. We also derive the general NC commutative effective
field and matrix models for FQH states, extending Susskind theory, and give the general
expression of the rational filling factors as well as their non abelian gauge symmetries.
Keywords : Multilayer and FQH hierarchies; Branes and fiber bundles on
branes, NC non abelian Chern Simons gauge theory, Matrix model
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1 Introduction
Susskind proposal [1] that Non-Commutative (NC) Chern-Simons gauge theory on the (2+1)
space provides a natural framework to study the Laughlin state of filling factor νL =
1
k
, k
a positive odd integer. This proposal has opened a new way to deal with the effective field
models of Fractional Quantum Hall (FQH) fluids and offered possible interpretations in terms of
D brane solitons of type II superstring theory [2, 3, 4]. Since this important development, an
intensive interest has been given to explore further this remarkable issue and several basic results
has been derived. A regularized version of the Susskind NC effective field theory using finite
dimensional matrix model techniques has been introduced in [5] to study FQH droplets. There,
it has been shown that consistency requires the introduction of an extra field, the polychronakos
field, which is a regulator field playing an important role at the quantum level [6, 8]. Along with
these developments, it has been also conjectured that a specific assembly of a system of D0, D2
and D6 branes and F1 strings, stretching between D2 and D6, has a low energy dynamics similar
to the fundamental state of FQH systems [9, 10]. For other applications and issues see [11, 12].
In Susskind NC model, the non commutativity parameter θ of the co-moving plane co-
ordinates is related to the filling factor νL and then to the Chern-Simon effective field coupling
λCS as θBexνL = νLλCS = 1; where Bex is the external magnetic field. This relation, which
get quantum corrections, shifting the level k of the CS gauge theory [6, 7, 13], has been used
in [14, 15, 16] to approach a specific class of states that are not of Laughlin kind; that is FQH
states with rational values type ν
(h)
2 =
k1+k2
k1k2
with k1and k2 positive odd integers. These kinds of
states, which are just the leading elements of general ones having the filling factor taking general
rational values, belong to two kinds of FQH systems: (1) multilayer FQH systems in the ground
state and beyond and (2) generic levels of the so called hierarchical series.
Like for the Laughlin ground state, FQH states with general rational values of the filling
factor, such as, the well known 25 ,
2
3 ,
3
7 ,...; were observed experimentally several years ago; but
are not covered by the Susskind NC theory which, due to quantization and unitarity conditions,
requires that 1/ν should be positive integer.
In [14], see also [15, 16], an extension of Susskind NC field model to cover hierarchical states
has been approached by noting that some FQH hierarchical states, at given levels n, can be
usually decomposed as a particular sum over n Laughlin states built in a recurrent manner. In
Haldane hierarchy, this splitting feature was first noted on the leading elements of the series such
as 25 and
3
7 , which have the remarkable decomposition
2
5
=
1
3
+
1
15
,
3
7
=
1
3
+
1
15
+
1
35
, (1.1)
allowing to interpret them as bounds of Laughlin states. Here we will show that this splitting
is in fact valid at any level n and follows due to a remarkable exact mathematical result of the
1
continuous fraction [p1...pn]; which ensures that the level n of Haldane series ν
(Hal)
n can be usually
brought to the form
ν(Hal)n =
1
k1
+
1
k2
+ ...+
1
kn
, (1.2)
where ki are some specific odd integers to be computed explicitly in section 5. Similarly, Jain
hierarchical series may, roughly speaking, be also thought of as given by the special decomposition,
ν(Jain)n =
1
2np± 1
+
1
2np± 1
+ ...+
1
2np± 1
. (1.3)
Analogous analysis may be written down as well for this sequence; for details see section 5
eqs(5.13-17). What interest us from this brief presentation is note that in both decompositions
(1.1-.2) and (1.3), one sees that the level n of hierarchy is also the number of filled lowest Landau
levels, (LL1, ...,LLn for short) and moreover each LLi behaves as a kind of Laughlin state with
filling factor 1/ki; ki odd integer.
Despite these partial results and others established in recent literature [15, 16, 17, 18, 19,
20], there are however basic questions, regarding states with rational filling factors, that remain
without convincing answers. Besides the non commutative non abelian U (n) Chern Simons gauge
model describing multilayer states with filling factors
νU(n) = n/k, (1.4)
where k is the level of the Chern Simons model, no consistent NC field theoretical construction
extending Susskind NC model has been obtained neither for hierarchical states, nor for multilayer
systems. To this lack, one should also add an other notable one concerning the classification of
FQH states with rational value1. For example, if one considers state with ν = 2/5 and try to list
all possible FQH systems in which it can appear, one sees that there is a variety of possibilities:
To write down this list, note first of all that such states may appear into two kinds of system:
(1) multilayer system and (2) single layer hierarchical states, offering by the occasion the first
ingredient in the classification.
Multilayer states
If one focuses on the state ν = 2/5 and considers that the two layers L1 and L2 of the system
are taken in the ground state; then we have the following natural representations:
(a) The state ν = 2/5 realized as an irreducible representation; like in NC non abelian U (2)
Chern Simons gauge model with a level k = 5. Here, the two layers L1 and L2 should be
completely symmetric.
(b) As a reducible state 1/5 + 1/5 like in uncoupled NC abelian U (1)× U (1) Chern Simons
model with equal levels k1 = k2 = 5. This model is expected to be obtained from the previous
representation after breaking of the U (2) gauge symmetry and integrating out massive modes.
1By rational values of the filling factor ν, we mean all ν’s that have the form ν = n/q, with n and q prime
integers. The Laughlin fraction νL= 1/k is a special case which has been extensively studied and is quite well
understood.
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(c) As a reducible state 1/3+ 1/15 like in uncoupled NC abelian U (1)×U (1) Chern Simons
model with different levels; i.e k1 = 3 and k2 = 15. Here the quantum properties of the two layers
L1 and L2 are different and this representation seems to have nothing to do with the original
NC non abelian U (2) Chern Simons model. One expects then to get multilayer effective field
realizations other than the NC non abelian Chern Simon gauge model. We will show later on,
that at level n = 2 for instance, a possible generalization νU(1)2 of eq(1.4) is,
νU(1)2 =
k1 + k2
k1k2 − l2
(1.5)
For k1 6= k2, this equation corresponds to the U (1)
2
model describing two parallel layers with
different individual filling factors; 1/k1and 1/k2, with k1 and k2 odd integers. Interactions between
layers shift the inverse of the free filling factor by the amount l2/k1k2. Moreover, this relation
allows to recover the Jain sequence, which is obtained from (1.5), by looking for integer solutions
of the following eq
l =
1
2
√
[2k1 − (4p+ 1)] [2k2 − (4p+ 1)]− (4p+ 1)
2
; l ∈ Z+ (1.6)
where the integer p is as in eq(1.3). The formula (1.5) we have given above is in fact the second
simplest example of a more general result to be established in subsection 3.1, eq(3.46); expressing
the filling fraction ν = Tr
[
κ−1
]
of multilayer FQH states in terms of the inverse of a hermitian
matrix κ of GL (n;Z+) with odd integer diagonal terms. It permits to recover all possible picture
including the non abelian model which correspond to the solutions of the constraint eq Uκ = κU ,
where U is are n× n matrix describing the gauge transformations.
Single Layer hierarchical states
In the case of a single layer L and considering usually the state ν = 2/5, one may also write
down a list of possible realizations;
(d) The state ν = 2/5 realized as an irreducible representation 2/5, like in the Lopez and
Fradkin model [21],
(e) As a reducible state 1/5 + 1/5 like in Jain series eq(1.3),
(f) As a reducible state 1/3 + 1/15 like Haldane series decomposition (1.1-2).
In addition to these list of representations, one should also add those hierarchical states with
rational values of filling factors living on multilayer systems; that is systems with several layers
taken outside the ground state.
In this paper, we present a unified effective field model for studying FQH states with
rational filling fraction that come either from multilayer systems, hierarchical states of a single
layer or again hierarchical states in multilayer systems. Our way of doing is mainly motivated
by similarities between FQH liquids and D brane systems of type II string theory [22]. Using
these tools and others geometric ones, we develop a general effective field model for FQH states
with rational filling factors. More precisely, we use ideas borrowed from D brane physics [23] and
fiber bundles, F(∪D2) on a set of D2 branes, to study FQH liquids with rational filling factors.
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As a result, we obtain the general NC effective field and matrix theories modeling FQH states
with generic rational filling factors. The generating functional action of our effective field model,
which has different sectors, reads formally, as
Z [A] =
∫ ∏
massive fields
D [A] exp−i
∫ d3y∑
La
∑
LLia
L (A)
 , (1.7)
where {∪na=1La} stands for a system of n layers La interpreted as a set of n parallel D2 branes,
and where
{
∪maia=1LLia
}
is the set of the ma filled lowest Landau level associated with the a− th
layer La. In this relation, L (A) is a lagrangian density which reads, for U (n) gauge invariant
model, as in eq(7.6-7) and, in the case n = 1 and m1 = 1, reduces to the well known Susskind
NC field model for Laughlin state. This functional action exhibits, amongst others, the following
features.
• Extends, to multilayer states and hierarchical ones, the original Susskind NC field theory
and the Susskind-Polychronakos regularized matrix model initially obtained for the case of
a single layer in the ground state. Our model is general; it contains as well the single layer
states belonging to Jain and Haldane series as particular ones.
• Answers remarks made in [21], regarding consistency of Wen-Zee ( WZ) model for hierarchy
[29, 30, 31]; in particular the point concerning the stability of the WZ conserved currents.
Though, we support the arguments given in [21], we give nevertheless validity conditions
under which WZ effective field approach works. We also work out explicitly the NC field
and matrix models generalizing such ideas.
• Presents a framework where single layer hierarchical states with rational filling factors and
the ground configuration of multilayers as well as multilayer hierarchical states are treated in
a unified way, in perfect agreement with Susskind basic idea [1] and non abelian symmetries
of parallel branes.
The presentation of this paper is as follows: In section 2, we describe, in two subsections,
FQH states with rational filling factors, belonging to multilayer systems on one hand and on the
other hand to a single layer hierarchical states. The multilayer system is viewed as represented
by n parallel D2 branes located at the positions y3 = da, in the direction of the external magnetic
field Bex. The single layer hierarchical states are interpreted as fiber bundles on D2 branes. Here
also, we fix some terminology and convention notations. In section 3, we study commutative
effective field models for multilayer states in the lowest Landau levels. We distinguish between
several gauge fields models with abelian and non abelian gauge symmetries. In this regards,
we show that only layers with same filling factor; say k1 = k2 = ... = kn = k; which can lead
to a U (n) non abelian symmetry; otherwise the U (n) symmetry is broken down to subgroups
depending on the number of equal ka’s one has. In case where all ki’s are different, the effective
4
U (1)
n
abelian gauge field models we obtain are of two types: (i) either without interactions; i.e
kab = 0 for a 6= b, and then the total filling factor is given by the sum of the individual filling
factors or (ii) having interactions; i.e kab 6= 0 for a 6= b, as in Wen-Zee theory for single layer
hierarchical states. In this case, the filling factor have a general form given by eq(3.46), which
contain Haldane and Jain series as special cases. We also use this occasion to give a classification
of the various type of the generalizations of Laughlin wave functions one encounters in FQH
literature and take the opportunity to complete some partial results in this matter. In section 4,
we study the NC non abelian effective gauge field and matrix models for multilayers states where
the usual NC non abelian U (n) Chern Simons gauge theory appears as just the most symmetric
representation. The other less symmetric representations are also studied. In section 5, we study
the Wen-Zee effective field theory for single layer states with rational filling factors and review
some aspects regarding Jain and Haldane hierarchies, which are now viewed as two special fiber
bundles whose explicit realizations are given in subsections 5.2 and 5.3. In section 6, we give the
NC gauge fields and matrix models for single layer hierarchical states and in section 7, we give a
discussion concerning hierarchy in multilayer systems and make a conclusion..
2 FQH Hierarchies and Mutilayer Systems
Experiments on Hall systems showed the existence of stable states at critical values of filling
factor ν taking in general rational values; the familiar ν = 13 ,
2
5 ,
3
7 are examples amongst many
others. Laughlin constructed an explicit trial wave function to explain QH state partially filled
with ν = 1
m
where m odd integer. He argued that the elementary excitations from the stable
states are quasiparticles with fractional electric charge q = ±νe and obey a generalized statistics.
In this scheme, electrons are thought of as a kind of condensate of m quasiparticles and occupy
the lowest Landau level ( LLL ). Recently Susskind completed this model by showing that the
right (1 + 2) dimension effective field theory that describe Laughlin state is a NC Chern Simons
U (1) gauge model on Moyal surfaces2.
To describe the states with general values of the filing factor; say of the form ν = n
p
,
there is no standard method to follow; but rather different approaches one can use to study such
states. These ways have a common denominator; as all of them are based on the Laughlin model.
Motivated by the recent developments [14, 15, 16] based on Susskind model; its regularized finite
dimensional matrix formulation as well as results on hierarchical states using exact algebraic
feature on the continuous fraction, we explore in this section the main representations of FQH
systems that lead to rational values of the filling fraction. We also fix our terminology regarding
the correspondence between layers and D2 branes, on one hand, and Landau levels and fiber
2The surface we will be considering in this paper is, roughly speakind, the real two plane. However most of the
results we will obtain may be also extended naturally to other two dimension real geometries with and without
boundaries, such as the strip, disc, cylinder, two sphere and the torus. In addition to boundary effects, one should
also be aware about gauge symmetries involving a parallelism condition on layers.
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bundles on the other hand.
2.1 Multilayer Representation
The multilayer FQH states with rational filling factors, we will be considering here are
obtained from a system of Ne = (N1 + ...+Nn) electrons moving in a set of n parallel layers
La in presence of an external constant and orthogonal magnetic field Bex with a constant flux∫
Bex = Nφ. As a convention of notation, we will denote this system as,
{nL ≡ ∪na=1La; La‖Lb} . (2.1)
Note that parallelism of layers should be understood as a local condition. If we let
{
OIa; I = 1, 2, ...
}
be topological basis of local open sets covering the La layers
La = ∪I≥1O
I
a; O
I
a ∩ O
I
a 6= ∅,
then La is said parallel to Lb should be thought of as an open set OIa of La is parallel to an open
set OJb of Lb. In this paper, we will simplify the presentation by focusing our analysis directly on
layers. Moreover since the Na electrons on the layer La may be sitting in different Landau levels
{LLi} , we will add, when necessary, an extra index to implement this feature into the formalism.
Thus Liaa denote a FQH configuration of electrons in ia− th Landau levels of the layer La. Later
on, we will give a representation of this configuration in terms of a fiber bundle on La; that is,
Liaa ≡ (LLia ;La) ≡ Fia (La) (2.2)
For the moment let us fix our attention on the lowest Landau level and suppose that all layers
La of the system are of Laughlin type; i.e with filling factors νa = 1/ka. Since the FQH ( patches
of ) layers are mainly two dimensional real surfaces, it is natural to assimilate the {nL} system
to an assembly of n parallel D2 branes parameterized by the local ( patches ) coordinates
nD2 ∼
{
yµa =
(
y1, y2, y3 = da
)
; a = 1, ..., n
}
;
Bex = ε
3αβ ∂αAβ ≡ ε
30αβ ∂αAβ , (2.3)
where |da − db| is the distance separating the pair of layers (La,Lb), ε3αβ the completely three
dimension antisymmetric tensor and where Aβ is the external vector potential; see figure 1. Since
electrons moving in this system have intra an inter layers interactions, one may use the |da − db|
layers inter-distances and D branes symmetries to classify the various possible models. According
to the values of |da − db|, one can show that the number of configurations of {nL} is linked to the
subgroups of the U (n) symmetry. Two special configurations of the layers are those associated
with the two following extreme cases: (i) the case where all D2 branes are distant enough from
each others; i.e,
|da − db| >>> 1, ∀a, b = 1, ..., n. (2.4)
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Figure 1: This figure represents a system of n (n = 3) parallel layers {La} normal to the external
magnetic field Bex = ε3µν∂µAν . These layers are represented by n parallel D2 branes filling the
plane (y1, y2) located at the positions y3 = dc; c = 1, ..., n; with spacings dab = da − db. These
layers may be either distant enough from each others as in U(1)n gauge theory for instance or
very close, eventually coincident. They may also have different filling factors.
In this situation, layers interactions carried by massive modes may be ignored and, roughly
speaking, the underlying symmetry of the effective Chern Simons model describing the FQH
multilayer system is U (1)
n
. (ii) The other extreme case deals with the situation where all D2
branes coincide, ie
|da − db| <<< 1, ∀a, b = 1, ..., n. (2.5)
This FQH configuration is described by an effective Chern Simons model with a non abelian
U (n) gauge invariance. The remaining situations correspond to the various systems with gauge
invariances given by subgroups of U (n).
2.2 Hierarchical Representation
We start by noting that there are two kinds of hierarchical FQH states; those involving
several lowest Landau levels {∪mi=1LLi} of a given single layer L in the sense of the decompositions
eqs(1.1-3); and those implying various Landau levels
{
∪na=1 ∪
ma
ia=1
LLia
}
of a multilayer system
{∪na=1La}. The second are naturally more general. Here we shall describe the first kind of states;
but later on we shall give the general result.
2.2.1 Case of a single Layer
As we have said, FQH states with filling factor that are not of Laughlin type exist also for
the case of one layer L. This is the case for instance of the so called hierarchical states belonging
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to Jain and Haldane series. In the picture; one layer L ←→ one D2 brane,
L ←→ D2, (2.6)
where one has only one gauge field describing the displacement of the fluid, it seems a priori not
obvious to describe such kind of states using Chern Simons U (1) gauge field model as also noted
in [21]. In this section we want to present two scenarios to overcome this difficulty. The first one
is based on: (1) abandoning the correspondence; one layer L ←→ one D2 brane in profit of one
Landau level LL ←→ one D2 brane,
LL←→ D2. (2.7)
In this way of viewing things, the problem is solved since we have several gauge fields at hand
and so the brane multilayer representation {∪na=1La} considered in subsection 2.1, translates
completely to a multi Landau levels representation {∪na=1LLa}. The results one gets are quite
similar to those one obtains for the multilayer system; it suffices to make the substitution
La → LLa. (2.8)
This idea has been used in [14] to study Haldane hierarchical states. We will skip the details here
and goes to the second realization which interest us in this paper.
The second scenario, for studding single layer hierarchical states, at level k, is based on the
physical idea that, instead of having only the first Landau level occupied like in Laughlin model;
one can have as well other neighboring Landau levels occupied by electrons. This is mainly the
content of the idea behind hierarchical models involving several kinds of quasi-particles like in
Haldane case, eq(1.2); see figures 2.
This scheme may be also be interpreted as describing k branches of FQH liquid as in the
case of hydrodynamic droplets and edge excitations of systems with boundaries [21]. From the
mathematical view, both of the bulk and edge levels can be implemented in terms of fiber bundles
idea; see figures 3. In the fiber bundle picture, one insists on having the correspondence (2.6);
while the i − th Landau Level LLi is thought of as a fiber Fi above the D2 brane which now
plays the role of a base manifold B;
(LLk;L)←→ F
k (B)←→ (Vk;D2) , (2.9)
where Vk is a k dimension vector space on the set of integers and is defined globally on the base.
In this way, one has at hand various U (1) gauge fields components Aiµ (y); i.e,
Aµ (LLi;L)←→ A
i
µ (L) , (2.10)
to describe the various {LLi} Landau levels3. The effective field theory one expects is a Chern
Simons gauge field model on the fiber bundle F(B), which we want to build now.
3The fiber bundle we are using here has formal similarities with the one used in the construction of conformal
and affine Toda theories [24]. The unique difference is that in Toda models the αi’s are the roots of a Lie algebra;
say U (n), and αi.αj is the U (n) Cartan matrix. In this paper, the αi’s are general objects as they depend on the
filling factors and have quantized norms.
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Figure 2: This figure illustrates a single layer L where the first n Landau levels are occupied. We
suppose that all levels are of Laughlin type as in the decompositions eqs(1.1-3). The way in which
these Landau levels are occupied depends on the model one is considering. In general one may
have different filling factors as in eq(1.2) and possible interactions between the various Levels.
The single layer L, viewed now as a D2 brane, has world volume parameterized by the
{y = (yµ)} coordinates. Fiber bundles F (L) based on L are generally given by the union of
fibers Fy based on each point y of the base.
F (L) = ∪yFy (L) (2.11)
Each fiber Fy is a vector space parameterized by (αi; y), where αi are some linearly independent
vectors defining the vector basis of Fy . Since in our present case, the αi’s are y independent, the
fibers Fy are the same every where on the base; this is why we shall drop the y index on Fy which
now on will be denoted as V (L). Moreover since the level k of the hierarchy can be any positive
integer, V (L) should be a priori an infinite dimensional vector space which we endow with the
orthonormal canonical basis.
{ei; ei · ei = δij ; i, j ∈ Z} . (2.12)
Though we will deal only with finitem dimension proper subspaces Vm (L) of V (L) since generally
one is interested to the few leading terms of the hierarchy; one can address the mathematical
structure of V (L) in its general form. Problem induced by the infinite series one my encounters,
such as the convergence of trace on infinite matrices for instance, may be regularized as in [25, 26].
Furthermore, as hierarchy at generic levels is described in a recurrent manner, namely
level 1 ⊂ level 2 ⊂ ... ⊂ level (n− 1) ⊂ level n ⊂ ... (2.13)
we demand that the proper subspaces Vn (L) of V (L) have to verify,
V1 (L) ⊂ V2 (L) ⊂ ... ⊂ Vn (L) ⊂ ... ⊂ V (L) . (2.14)
9
Figure 3: This figure represents a D2 brane and n dimensional fiber above a point on D2. Each
direction αi, i = 1, ..., n; of this fiber is associated with the i-th Landau level of the FQH layer
realized here by the D2 brane. From this view point, Laughlin model with filling factor 1/p is then
associated with a one dimensional fiber bundle generated by the α1 vector with a norm equal to
the odd integer p.
Note that a generic proper subspace Vm (L) has a canonical basis induced from the mother space
V (L). However, because of the physics we are looking to describe, we will introduce the special
{αi; 1 ≤ i ≤ m} vectors basis of Vm (L) with the property of having non zero intersection matrix;
that is the αi’s form a non orthogonal basis taken as,
αi · αj = Gij (2.15)
The matrix Gij appearing in this relation is a hermitian and invertible m×m matrix; it will be
interpreted as the matrix appearing in the Wen-Zee effective fields model [38, 39, 40, 41, 42, 43].
So we shall refer to this basis as Wen-Zee one and then to the fiber bundle as Wen-Zee fiber.
We will also see later on, when we study NC effective field models for hierarchical states going
beyond the NC Susskind model; that it is useful to extend the sequence (2.14) by introducing a
one dimension bundle V0 (L) associated with the constant background appearing in the Susskind
map that led to the discovery of NC Chern Simons model for Laughlin states. As such, we have
V0 (L) ⊂ V
′
1 (L) ⊂ V
′
2 (L) ⊂ ... ⊂ V
′
n (L) ⊂ ... ⊂ V (L) , (2.16)
where now V ′m (L) have (m+ 1) dimensions. The new vector basis is then {αi; 0 ≤ i ≤ m} and
the previous Gij intersection matrix now becomes a (m+ 1)× (m+ 1) matrix.
Sij =
(
G00 G0j
Gi0 Gij
)
(2.17)
Besides the useful choice S00 = 1 we will make later, we require that this generalized matrix is
hermitian and invertible as well.
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2.2.2 Case of Multilayers
Hierarchical states of multilayer system are described by a general fiber bundle (V ;B) whose
base B= {nD2} and fiber V=
{
∪na=1 ∪
ma
ia=1
LLia
}
. The positive integer indices ma define the
levels of hierarchy in each layer La; while n is the number of parallel layers.
{∪na=1La} ←→ nD2←→ base B,{
∪na=1 ∪
ma
ia=1
LLia
}
←→ (V;nD2)←→ fiber V over B (2.18)
In this correspondence, the gauge fields components Aµ (y), describing the displacement of the
hierarchical Hall fluid, carry a non abelian U (n) structure, inherited from the symmetry of the
base B, and behave as a vector as in (2.10); i.e,
Aµ
[
∪na=1
(
∪maia=1LLia ;La
)]
←→ (Aµ)
i
ab
; a, b, 1, ..., n; i = 1, ...,m, (2.19)
where m = (m1 + ...+mn). Note that the a and b indices carried by this gauge fields refer to the
interaction between electrons moving in layers La and Lb while the index i encodes interactions
between electrons sitting in Landau levels of the whole FQH system. Here also there is an analogue
of the intersection matrices (2.15) and (2.17); the only difference is that now the dimension m is
given by the sum over the ma dimensions. For practical reasons, we shall often use the canonical
decomposition of the U (n) hermitian gauge fields Aµ of this system as,
Aµ =
n∑
a,b=1
Aabµ uab; uab = |a >< b| (2.20)
Since this gauge field is also a vector under hierarchy, one can also expanded it as a linear
combination using the αi vector basis as,
Aµ =
m1+...+mn∑
i=1
Aiµ αi (2.21)
Each component Aabµ of the expansion (2.20) of the matrix gauge field Aµ has as well a decom-
position of the type (2.21). Having fixed our terminology and convention notations, we now turn
to study the effective field models for multilayer states occupying the first Landau level of the
system; but also those general states occupying several Landau levels.
3 FQH Effective Field Model
As we have several situations depending on the number of layers as well as the number of
Landau levels on the layers represented by the fiber bundles
{
∪na=1
{
∪maia=1LLia ;La
}}
, one may
distinguish different kinds of interactions coming from:
(i) the internal structure of the base manifold B= ∪na=1La, which in the case of coincident
layers lead a priori non abelian symmetries generated by {|a >< b|} as in we usually have in
Brane systems.
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Figure 4: This is a geometric representation of a multilayer FQH state. Each a-th node, of the
diagram {∪nb=1Lb}, describes a layer La; viewed as a spherical D2 brane with filling factor ka.
Nodes are associated with the a-th projector πa on the n dimensional basis vector |a > and the
filling factor ka. Interactions between layers are restricted to the closest ones (La,La±1) and
are encoded in the links uab = |a >< b| with integral coefficients kab. Such diagram, which is of
the ordinary An−1 type classification, has a formal similarity with the geometric engineering of
the Coulomb branch of N=2 supersymmetric theories [34, 35].
(ii) couplings of the fibers F=∪maia=1LLia living on the base manifold. In the case where
all layers are in the Laughlin ground states for instance; that is a fiber bundle of the form
∪na=1 {LL1;La}; fbers interactions are encoded in the intersection matix αa.αb = Gab.
(iii) both from the base B and the fiber F.
We will then adopt the following strategy in studying the effective field model for the multilayer
systems. First we suppose that all layers of the system are of Laughlin type and describe the
commutative field approach. Then, we study its non commutative extension using Susskind
method. Once this done, we consider the case a single layer; but with several Landau levels.
Here also we study first the commutative field model; and then we analyze its non commutative
extension. Finally, we consider the case of several layers and several Landau levels.
3.1 Multilayer Commutative Field Model
To get the generalized effective field model describing multilayer FQH states, one should
specify the condition on |da − db| spacings. The point is that the Aµ gauge fields on the multilayers
have, in addition to the n × n matrix structure, a dependence on the yµa =
(
y1, y2, y3 = da
)
coordinates of the n layers, viewed as parallel D2 branes. According to the values of |da − db|,
one distinguishes several cases lying between the completely abelian model with a U (1)
n
gauge
symmetry and the largest non abelian U (n) invariance.
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3.1.1 Abelian model
If for example, one supposes that |da − db| >>> 1, ∀a, b = 1, ..., n; that is all layers are
very distant from each others, then layers interactions may be ignored and one is left with a
U (1)
n
model. In this system, each one of the layers ( D2 brane ), partially filled with νa of the
Figure 5: This figure represents a system of n parallel layers very distant from each others. They
describe n uncoupled FQH states with filling factor νa = 1/ka. The gauge field are given by the
diagonal terms and the gauge symmetry is U(1)n. The total filling factor of the system is just
the sum.
form 1
ka
, ka odd integer, describes an electronic system with a conserved number Na of particles4,
dNa
dt
= 0, (3.1)
In effective field theory, the number Na of electrons moving on the layer may be also expressed
as an integral over the density electron number par surface unit;
Na =
∫
La
d2y J 0a (y, da) , (3.2)
where J 0a (y, da) = ∂
2Na/∂2y. The condition of conservation (3.1) is ensured by the introduction
of a (1 + 2) conserved current J µa ; i. e ∂µJ
µ
a = ∂0J
0
a + ∂iJ
i
a = 0 leading to
dNa
dt
= −
∫
La
d2y∂iJ
i
a (3.3)
= −
1
2π
∮
∂La
dliA
a
i , (3.4)
which vanishes provided the boundary ∂La of the layer is zero, or the A
i
a field vanishes on ∂La
or again due to the existence of some periodicity features. The equality of eq(3.4), using the
hypothesis J ia =
1
2pi ε
0ij∂iA
a
j , reflects just the Chern Simons field realization of the J
µ
a conserved
4Since ν = Ne
Nφ
= constant and as the external magnetic field Bex is taken constant, the number of quantum
flux Nφ =
∫
L
Bexd2σ = BexSurface (L) is constant provided the surface Surface (L) of the layer L does. In
this case the number Ne of particles can be viewed as a constant of motion.
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current, which reads as,
J µa (y, da) =
1
2π
εµνσ∂νA
a
σ; a = 1, ..., n, (3.5)
Since the layers La are partially filled with filling factor1/ka, we should have the remarkable
relations,
kaNa = Nφ; a = 1, ..., n, (3.6)
which, in the framework of the Chern Simons model, this is just the equation of motion of the
time component of the gauge fields; that is
ka
1
2π
ε0νσ∂νA
a
σ =
1
2π
ε0νσ∂νAσ, (3.7)
without summation on the repeated index a. The original formal action, invariant under the
gauge changes δAaµ = ∂µλ
a, and leading to the above eq of motion is,
S
[
Aaµ,Aµ
]
=
1
4π
∫
d3yεµνσ
n∑
a=1
kaA
a
µ∂νA
a
σ
−
1
2π
∫
d3yεµνσ
(
n∑
a=1
Aaµ
)
∂νAσ. (3.8)
Note that the right way one should think about this action is in terms of the field diagonal
matrices,
Aµ =
n∑
a=1
Aaµπa; πa = |a >< a|, (3.9)
where πa’s are the projectors on the layers. In terms of these matrices, the previous action may
be rewritten in a more interesting form as,
S
[
Aaµ,Aµ
]
=
1
4π
∫
d3yεµνσ [Tr (κAµ∂νAσ − 2Aµ∂νAσ)] , (3.10)
Here κ is the coupling matrix, itself a n× n diagonal matrix,
κ =
n∑
a=1
kaπa. (3.11)
By help of the Aσ and κ matrices, the new eq of motion following from the action(3.10) is,
κ
1
2π
ε0νσ∂νAσ =
1
2π
ε0νσ∂νAσ, (3.12)
which, upon integration over d2y, gives the n× n matrix eq
κN=NφI; N=Naπa (3.13)
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Taking the trace over this relation, one gets the total filling factor
ν = Tr
(
κ−1
)
(3.14)
=
n∑
a=1
1
ka
.
Remember the first term of this relation; we shall see that it is also valid in presence of interactions
and whether the gauge symmetry is abelian or not. Note that the appearance of the κ coupling
matrix seems a little bit strange. In fact this is a very special point inherent to the U (1)
n
abelian symmetry generated by the projectors πa. In the non abelian case, the coupling should,
under some conditions to be specified in subsubsection 3.1.2 when studying the second kind of
solutions, be an integer. Before that let us first derive the appropriate constraint eqs linking
gauge symmetry and filling factors and then return to complete the comment regarding eq(3.14).
3.1.2 Non abelian Case
Non abelian FQH systems appear in presence of interactions between the La layers of the
system {∪na=1La}, as in the special case where all layers are quasi coincident; i.e all parameters
da ∼ d1; i.e
|da − db| <<< 1, ∀a, b = 1, ..., n, (3.15)
or more generally as in cases where subsets
{
∪ras=1Las ; r < n
}
of the layers are closed enough to
each others while the remaining others
{
∪nas=r+1Las ;
}
are far away;
|das − dbs | <<< 1, as, bs ∈ Jr ⊂ [1, n] . (3.16)
In this case, the Na numbers are no longer constants of motion since particles can travel from a
given layer La to an other closed Lb one. To illustrate this feature more explicitly, let N denote
the total number of electrons moving in the multilayer system,
N =
n∑
a=1
Na. (3.17)
Because of interaction between layers, this number can usually written as the trace over a n× n
matrix N =(Nab), in complete harmony with the previous case where interactions were ignored,
N = TrN =
n∑
a=1
Na (3.18)
In fact the effective number N˜a of electrons moving on a given layer La, at a given time, is the
sum of three terms; namely the initial number Na plus the number Nab of electrons leaving the
(n− 1) layers Lb of the system and landing on La minus the number Nba of electrons leaving La
for the other Lb layers,
N˜a = Na +
n∑
b=1,b6=a
Nab −
n∑
b=1,b6=a
Nba; a = 1, ..., n, (3.19)
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This relation may be also rewritten, by adding and subtracting the numbers Na ≡ Naa, as follows
N˜a = Na +
n∑
b=1
(Nab −Nba) ; a = 1, ..., n, (3.20)
Summing over all N˜a’s, one discovers the following conserved quantity,
N =
n∑
a=1
N˜a =
n∑
a=1
Na (3.21)
To get the effective field model describing the multilayer FQH states with interactions; we shall
follow the method we have developed above by expressing the constant of motion N as an integral
over a density ρ of a conserved current J µ; that is
N =
∫
∪La
d2y ρ; (3.22)
0 = ∂0ρ+ ∂iJ
i. (3.23)
Since the FQH system {∪na=1La} has interactions one expects, from the similarity between
{∪na=1La} and the assembly of n parallel D2 branes, that the underlying theory is, roughly
speaking, a non abelian Chern Simons U (n) gauge model. This is indeed what one gets if one
does not worry about the details of FQH physics on each layer and insists on U (n) gauge symme-
try. Indeed having U (n) gauge invariance requires coincident D2 branes but moreover the same
filling factor. To get the point let us set the problem in its general form and work out explicitly
the link between gauge invariance and layers filling factors.
• Constraint Eqs
Since the total number N of electrons is a constant of motion following from the existence of
a Noether conserved current J µ and since N has the form of a trace (3.18), let us write J µ as
J µ = TrJµ, (3.24)
where Jµ is a n × n hermitian matrix. Moreover, since it is the trace TrJµ that should be
conserved and not necessary the matrix Jµ; one may in general realize this matrix field in terms
of the non abelian Chern Simons potential as,
Jµ =
1
2π
εµνσ (P.∂νAσ + iQ. [Aν ,Aσ]) , (3.25)
where the couplings P and Q are a priori arbitrary invertible and hermitian n × n matrices
with integer entries; that is P,Q ∈Gl (n, Z). Although the idea of taking P and Q couplings
as matrices seems going against what is established in non abelian Chern Simons gauge theory;
it is however a physical argument extending eq(3.11) which allows us to get the constraint eqs
between gauge invariance and the filling factors of the layers. So P and Q as matrices is dictated
by the fact that we want to insert in the effective gauge field model, we looking to build, the fact
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that layers may have different filling factors. Requiring non abelian gauge invariance, which acts
as,
A′ = U−1 (A− ∂)U;
Jµ′ = U−1JµU, (3.26)
where U is a n× n matrix defining the gauge transformations as well as the condition of current
conservation ∂µJ µ = 0, we get the following constraint eqs,
U−1PU = P, (3.27)
U−1QU = Q, (3.28)
and
1
2π
εµνσ∂µTr (P.∂νAσ + iQ. [Aν ,Aσ]) = 0, (3.29)
The two first constraint eqs (3.27,3.28) reflect the fact that P and Q should be gauge invariant in
order to be interpreted as physical coupling constants; while the third one (3.29) implies that the
total number of particles is a constant of motion. Since U is an arbitrary gauge transformation
matrix, these constraint eqs impose a severe restriction on the kind of P and Q matrices one can
have. Let us explore the possible solutions on illustrating examples.
• Solutions
(1) Solution I: Non Abelian U (n) Chern Simons model
If we insist on having U (n) gauge invariance, that is U an arbitrary n × n unitary matrix,
then there is a unique solution that commute with all U (n) matrix elements. This solution is
proportional to the identity as required by the Schur lemma; that is a number k times the identity
operator
P =k′ I; Q =k′′ I, (3.30)
Unitarity require moreover that k=k′/k′′ should be positive integer. In this case the solution for
Jµ in terms of the U (n) gauge potentials Aµ reads, after setting k
′′ = 1 or absorbing it in the
gauge field ( A→k′A ), as
Jµ =
k
2π
εµνσ (∂νAσ + i [Aν ,Aσ]) , (3.31)
J0 =
k
2π
ε0νσ (∂νAσ + i [Aν ,Aσ]) (3.32)
Note that though non abelian, the J0 time component may also be put in the useful form,
J0 =
k
2π
B (3.33)
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where now the n×n matrix B is the curl of the non abelian gauge potential field Aµ. Observe in
passing that while J µ = TrJµ is conserved due to the obvious property Tr [Aν ,Aσ] = 0, the Jµ
vector field is not conserved in the usual sense since in general ∂µ (ε
µνσ [Aν ,Aσ]) is different from
zero. This property reflects the fact that the numbers Na of particles on each layer La are not
constants of motion in the usual sense. The Jµ current obeys however a covariantly conserved
relation namely,
DµJ
µ = ∂µJ
µ − i [Aµ,J
µ] = 0. (3.34)
Moreover, from the identity N = νNφ, or again by equating the current densities, we have,
k
2π
B =
1
2π
Bex.I (3.35)
This relation reads in terms of the non abelian A gauge fields and the ε0νσ antisymmetric tensor
as,
k
2π
ε0νσ (∂νAσ + i [Aν ,Aσ]) =
1
2π
ε0νσ∂νAσ.I, (3.36)
This way of writing shows that one is dealing just with the equation of motion of the time
component A0 of the gauge field Aµ. This eq together with the two remaining others recovered
under SO (1, 2) covariance, follow from the action the non abelian U (n) Chern Simons gauge
field theory,
S [Aµ,Aµ] =
k
4π
∫
d3y.εµνσTr
(
Aµ∂νAσ +
2i
3
Aµ [Aν ,Aσ]
)
−
1
2π
∫
d3y.εµνσTr (Aµ∂νAσ) (3.37)
The filling fraction of the multilayer system is
ν =
1
k
Tr (I)=
n
k
. (3.38)
This result, which was expected from general features of non abelian Chern Simons gauge theory
and branes physics, may be exploited to derive the general expression of the filling factors associ-
ated with FQH multilayer states having a gauge symmetry contained in U (n). The general result
relating the filling factor to the U (n) gauge subgroups is summarized in the following table.
Gauge Group U (1)
n
U (n) U (1)
n−j × U (n− j) ⊗rU (nr)
Filling factor
∑n
a=1
1
ka
n
k
(∑n−j
a=1
1
ka
)
+ n−j
k
∑nr
r=1
nr
kr
(3.39)
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From this table we learn, amongst others , that the filling fraction of a FQH n layers state
with gauge symmetry U (n−m)× U (m) reads in general as
ν =
n−m
k1
+
m
k2
. (3.40)
This relation tells us that the multilayer system is made of (n−m) coincident layers with indi-
vidual filling factor 1/k1 and m coincident layers with individual filling factor 1/k2. A necessary
condition to have U (n) gauge invariance is then k1 = k2; that is layers with same filling factors.
If one insists of having layers with different filling factors; U (n) gauge symmetry is automatically
broken down to U (n) subgroups. This property can be learnt on the way we solve the constraint
eqs. Let us comment a little bit this important point by explicit computation of the second type
of solutions.
(2) Solution II : Non abelian U (n) Chern Simons model broken down to a subgroup G
If one is not interested in having an exact U (n) invariance, the constraint equations
(3.27,3.28) may be solved by restricting to U gauge transformations in subgroups of U (n).
(a) Case G = U (1)
n ⊂ U (n)
In case where all layers have different filling factors, the underlying U (n) gauge group is
broken down to U (1)
n
; see figure 6. In this configuration, the n×n unitary matrix transformation
U have the following diagonal form,
U =

exp iφ1
.
.
exp iφn
 ,
and so eqs(3.27,3.28) are automatically fulfilled. However, the current conservation condition
(3.29), although does not affect the P matrix, still requires that the Q matrix should satisfy,
1
2π
εµνσ∂µTr (Q. [Aν ,Aσ]) = 0, (3.41)
which is filled if and only if the matrix Q is proportional to the identity. In this case, the current
density J0 may be solved, by setting Q = I and P = κ, as
J0 =
1
2π
ε0νσ
[
κ
(
∂νAσ + iκ
−1 [Aν ,Aσ]
)]
, (3.42)
and the the relation N = νNφ as well as its SO (1, 2) covariance give
1
2π
εµνσ
[
κ
(
∂νAσ + iκ
−1 [Aν ,Aσ]
)]
=
1
2π
εµνσ∂νAσ.I, (3.43)
which is nothing but the equation of motion one gets from the following action
S [Aµ,Aµ] =
1
4π
∫
d3y.εµνσTr (κAµDνAσ−2AµDνAσ) (3.44)
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where we have set Dν = I.∂ν +
2i
3 κ
−1 [Aν , ]. Under a U (1) ⊂ U (n) gauge transformation
A′σ = Aσ + ∂σλ.I; [Aν , ∂σλ.I] = 0 (3.45)
the terms appearing in the above action, namely DvAσ and AµDνAσ, transform as
D′vA
′
σ = DvAσ + I.∂ν∂σλ,
A′µD
′
νA
′
σ = AµDνAσ + I.∂µ∂ν∂σλ, (3.46)
and so invariance of the functional eq(3.44) is ensured by the completely antisymmetric factor
εµνσ. The filling fraction formula
ν = Tr
(
κ−1
)
(3.47)
for the U (1)
n
model with interaction is similar to the one we have got earlier in the case of the
multilayer system without interactions. But one should note that while κ is diagonal in the last
case; it is however not for the first one allowing extra contributions5; see figure 6.
Figure 6: This figure represents a system of n = 4 layers with mutual interactions. The general
graph on gets is a simplex of four vertices and six edges. The coupling matrix has in general
ten free integers kab = kba and the filling fraction is given by eq(3.47). Subsystems of this
configuration are obtained by making choices on the integers kab such as for instance identifying
the quantum numbers carried by two vertices and their link.
(b) General Case G ⊂ U (n)
To see how the solution of the constraint eqs (3.27,3.28,3.29) for generic subgroups of
U (n), let us consider the example where U (n) is broken down to U (2)× U (1)n−2. In this case,
5Here we represent the link between the coupling matrix κ and gauge symmetry of the layers in the limit
|da − db| → 0, ∀a, b = 1, ..., n. This diagram should not be confused with the geometric one of figure 1 representing
the base manifold.
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the n× n unitary matrix transformation U have the following diagonal form
U =

u11 u12 0 0
u21 u22 0 0
0 0 exp iφ1
.
.
0 0 exp iφn−2

,
where uij , |u11u22 − u12u21| = 1, are elements of U (2) and φa phase of U (1)
n−2
. While the
matrix Q is usually proportional to the identity, the matrix P = κ should the form
κ =

k 0 k1a
0 k k2a
k1a k2a κ
′

where κ′ is a (n− 2)× (n− 2) hermitian matrix. By repeating this analysis, one gets all possible
configurations. For the special case where k1a = k2a = 0, one has a reducible diagram.
• Examples
To illustrate the prediction of broken U (n) gauge models, let us consider two examples;
the first one concerns two layers FQH states and the second one involves three layers.
(a) Two layers States
In the example of two coupled layers L1 and L2 with the hermitian coupling matrix κ, reads
as
κ =
(
k1 l
l k2
)
(3.48)
where k1, k2 are odd integers and, a priori, l is any positive integer; see figure 7
Figure 7: This is the quiver diagram of two layers FQH states. For different values of k1 and
k2 and the field model has a U(1)
2 abelian symmetry the total filling factor of the system is
given by eq(3.48). Non abelian U(2) model is obtained for k1 = k2 = k and k12 = 0.
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In this case filling factor ν, that follows from eq(3.47), is given by the following three integer
series,
ν =
k1 + k2
k1k2 − l2
(3.49)
This is a general relation containing as special cases known results on FQH states with two levels.
Setting l = 0, one gets the familiar relation ν = 1/k1 + 1/k2 of uncoupled U (1)
2
FQH states
which gets an enhanced U (2) symmetry for k1 = k2 = k. One may also recover the Jain series
2/ (4p± 1) at level two by taking
k1 = k2 = k; l
2 = nk; k − n = 4p± 1 (3.50)
As an explicit example, one sees that the solutions for the state ν = 2/5 reproduce all known
results. Expressing l in terms of k1 and k2, one gets a constraint relation on the values of l
integers one should have for ν = 2/5,
l =
1
2
√
(2k1 − 5) (2k2 − 5)− 25; l ∈ Z
+. (3.51)
The solutions are as follows: (i) k1 = k2 = k and l =
√
k (k − 5) which is fulfilled for l = 0 and
k = 5 ; but also l = 6 and k = 9. The first solution corresponds to the multilayer system(550)
in terms of the conventional classification made in [29]; while the second corresponds to (332).
(ii) There is also an other solution for k1 = 3, k2 = 15 and l = 0 in a complete agreement with
Haldane result, to be discussed later on. The same is also valid for ν = 2/3 where the integrality
condition on l reads as
l =
1
2
√
(2k1 − 3) (2k2 − 3)− 9; l ∈ Z
+. (3.52)
A general result can be written down for all terms of the Jain sequence; see eq(1.6).
(b) Three layers States
For the case of three layers, the matrix κ has in general three odd ka integers associated with
self interactions and three other integers l, m, t associated with the three kinds of couplings; see
figure 8.
κ =

k1 l m
l k2 t
m t k3
 . (3.53)
This is a real symmetric matrix whose diagonal elements ka are positive odd integers giving the
filling factors of the layers in lowest Landau level configuration. The off diagonal entries encode
layers interactions.
This matrix depends on (3 + 3) = 6 integers allowing to classify the three kinds of effective
field models one has in this case; see figure 9.
(α) Model with U (1)
3
symmetry.
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Figure 8: Here we give the diagram for FQH states involving three layers in the first Landau level.
The filling fraction is given by eq(3.53). For ka 6= kb 6= kc and kab = kac = kbc = 0 we have an
abelian U(1)3 symmetry without layers interactions. In the other cases there are interactions and
in general the symmetry may be non abelian. In the case ka = kb = kc and kab = kac = kbc = 0,
we have the largest symmetric U(3) non abelian gauge model.
Here, the ka integers are different and l, m and t are generally non zero. The filling factor
one gets depends then on (3 + 3) integers and reads in general as,
ν =
(k2k3 + k1k3 + k1k2)−
(
l2 +m2 + t2
)
k1k2k3 + 2lmt− (k1t2 + l2k3 +m2k2)
(3.54)
Special cases may be also considered here; like for instance retaining only couplings dealing with
closer neighboring layers by setting m = 0 or again by setting l = t and m = 0.
(β) Models with U (1)× U (2) symmetry.
Here, two of the three ka integers are equal and one of the l, m and t integers is zero and the
remaining two others are equal. For instance, we can have k1 = k2 = k and l = 0 together with
m = t. In this configuration, which is associated with the diagram of figure 9b, the filling factor
one gets depends then on 3 integers k, k3 and m and reads in general as,
ν =
k2 − 2m2 + 2kk3
k2k3 − 2km2
= νU(2) + νU(1) (3.55)
This relation may also be decomposed as ν = νU(2) + νU(1) with,
νU(2) =
2k3
kk3 − 2m2
νU(1) =
k2 − 2m2
k2k3 − 2km2
(3.56)
In absence of layer interactions; that is for m=0; the above eqs reduce to the standard situation
where one of the layers is far away and the other two are coincident. The last configuration one
23
Figure 9: Figures 9a, 9b and 9c are obtained from figure 8 by coinciding two nodes giving then
a enhanced U (2) symmetry. For the case ka = kb 6= kc, U (2) symmetry requires kab = 0 but
kac = kbc. In figure 9d, the three nodes are coincident and the symmetry is U (3).
can also have corresponds to the special case where k1 = k2 = k3 = k and l = m = t = 0; see
figure 9d. The symmetry of this FQH state is the full U (3) gauge invariance.
Having given the main idea on the commutative effective field of multilayer FQH states with
rational values, we pass now to make some comments regarding the wave function approach, a
matter of having a global view on the connection between gauge symmetry, the various general-
izations of the Laughlin wave functions and their filling factors.
3.2 Wave functions
Here we give the generalizations of the Laughlin wave function for uncoupled and coupled layers
using the correspondence layer L ←→ D2 brane and the classification in terms of subgroups of
U (n) gauge symmetry.
3.2.1 Uncoupled Layers: U (1)n model I
For the case where the n layers are enough distant from each others, |da+1 − da| ≡ ǫa >> 0,
that is in absence of layer interactions, the total wave function Ψf describing the ground state of
the multilayer system is given by the antisymmetric product of individual Laughlin trial waves
ΨLa = ΨL (zαa)
Ψf =
n∏
a=1
ΨLa, (3.57)
where the ΨLa factors are given by,
ΨLa =
Na∏
αa<βa=1
(
zαa − zβa
)ka
exp
−Bex
4
Na∑
γa=1
∣∣zγa ∣∣2
 , (3.58)
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and where zαa , αa = 1, ..., Na are the complex coordinates of electrons on the a−th Laughlin layer
La. Note that antisymmetry of the wave function Ψf under the change of any pair of electrons
requires that all ka’s to be odd integer. In this case the filling factor is ν = 1/k1 + ... + 1/kn.
The quiver diagram describing this abelian U (1)
n
model is given by figure 5.
3.2.2 Coupled Layers:
According to the |db − da| distances between layers La and Lb, one can write down different kinds
of generalized Laughlin wave function for multilayer system. Here we give the two special ones
associated with the field models eqs(3.43) and (3.37). The same reasoning applies to the other
configurations. From the analysis of subsection 3.1, we distinguish, amongst others, the following
particular models
(1) U (1)n model II: Layers with different filling factors.
For small distances between the layers; that is for ǫ = |db − da| << 1, layer couplings are
no longer negligible and the generalized Laughlin wave function Ψcoupled describing the ground
state of the multilayer system takes a more complicated form. Since the filling factors are not
equal, k1 6= k2 6= ... 6= kn, the U (n) gauge symmetry, which exist in case where all k’s are equal,
is now broken down to U (1)
n
; see figures 6 for illustration.
This model involves, besides the diagonal terms, monomials type
(
zαa − zβb
)kab with a 6= b
and kab some integers. The general form of Ψcoupled extending the Laughlin wave function read
then as,
Ψcoupled =
n∏
a≤b=1
Na∏
αa<βa=1
(
zαa − zβb
)kab exp
−B
4
n∑
a=1
Na∑
γa=1
∣∣zγa∣∣2
 (3.59)
As the layers are closed to each others, electrons may travel from a layer La to an other Lb
and so antisymmetry, of the wave function under the change of any pair
(
zαa , zβb
)
of electron
coordinates, is no longer a constraint since layers are different. Therefore, the matrix entries kab
are not required to be odd integers and the total filling factor is given by eq( 3.47). In n × n
matrix notation, the coordinates variables zαa on the a− th layer La may be thought of as the
(a, a) diagonal element of n× n matrix Zα,
zαa =< a|Zα|a>
while the coordinates zαab of particles traveling from La to Lb are just,
zαab =< b|Zα|a>
One can use this property to study the cases where the generalized Laughlin wave functions have
non abelian symmetries containing the underlying U (n) gauge symmetry of the coincident D2
branes. In what follows, we shall give details for the case of FQH states with full U (n) symmetry.
(2) Non Abelian U (n) model
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This happens in the case where all layers La, viewed as D2 branes, have the same filling
factor 1/k, k odd integer, the total number N of electrons moving on {∪aLa} may, at a given
time, be partitioned into Na particles moving on La, plus Nab particles leaving La for Lb and
Nba electrons coming from Lb and landing on La. These particles form together a n× n matrix
N with positive integer entries,
N = (Nab) (3.60)
Note that the total number N of electrons is given by the trace of this matrix, namely N =
Tr (N) = N1 + ... + Nn; see also eqs (3.18-3.21). Moreover as the layers have the same filling
factor 1/k; it follows from U (n) invariance that, at any time, N1 = ... = Nn = N ; and so
N = nN .
Since on a given layer La each electron has a coordinate zαa , one can parameterize collectively
these particles in a more convenient way by using n × n matrices. To get the U (n) invariant
Laughlin wave function, we start from eq(3.58) with k1 = ... = kn = k. Then instead of diagonal
matrices, we consider a system of N matrices matrices {Zα} with general entries
Zα = (zαab) ; a, b = 1, ..., n (3.61)
where in addition to zαaa , the complex coordinates of electrons moving on La; we have also
zαab and zαba variables describing respectively the coordinates of the electrons leaving La for
Lb and the particles coming from Lb to La. The generalized wave function, taking into account
multilayers interactions and invariance under U (n) symmetry, reads as,
ΨU(n) =
N∏
α<β=1
[det (Zα − Zβ)]
k
exp
(
−
Bex
4
N∑
γ=1
Tr
(
ZγZ
†
γ
))
. (3.62)
Acting by the following U (n) gauge transformations,
Z′α = U
−1ZαU, (3.63)
invariance of eq(3.62) follows naturally from the global action of the transformations as well as
the cyclic property of det and trace. The filling factor is, in this special case, given by ν = n/k.
4 NC effective field and matrix models for Multilayer States
We first review briefly the Susskind idea for the case of a single layer with filling factor 1/k;
then we study its extension to the case of the multilayer system in lowest energy configuration.
Hierarchies in multilayer states based on non commutative geometry which will be discussed in
section 7.
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4.1 General on Susskind NC theory
To begin consider an electric charged particle, say an electron, moving in the real plane in
presence of an external constant magnetic field Bex. Classically this particle is parameterized by
its position xi(t); i = 1, 2 and velocity vi = ∂t x
i. For a Bex field strong enough, the dynamics
of the particle is mainly governed by the coupling
S[x] =
eBex
2
∫
dt εijv
ixj , (4.1)
which is just the angular momentum of the system, induces at the quantum level a non commu-
tative structure on the real plane; i.e
[xi, xj ] ∝ ǫij/Bex. (4.2)
If we suppose that the total number of electrons Ne is a constant of motion; see footnote 4, thing
that we shall use everywhere here, one can write it, in the large Ne limit, as,
Ne =
∫
d2xρ =
∫
d2y ρ0, (4.3)
where ρ and ρ0
ρ0 =
∣∣∣∣∣∂2
(
x1, x2
)
∂2 (y1, y2)
∣∣∣∣∣ ρ (4.4)
are the densities of particles in the
{
xi
}
and
{
yi
}
frames respectively.
In the case of Ne classical particles, without mutual interactions, parameterized by the coor-
dinates xia(t) and velocities v
i
a, the dynamics is dominated by the B − x(t) couplings extending
eq(4.1) as
eBex
2
∫
dtεij Σ
N
a=1v
i
ax
j
a, (4.5)
and describing a typical strongly correlated system of electrons showing a quantum Hall effect
with filling fraction
ν =
Ne
Nφ
; ν.Nφ = Ne. (4.6)
Expressing the number Nφ of quantum flux, by using the external magnetic field, as
Nφ =
1
2π
∫
L
d2y Bex =
1
2π
∮
∂L
Aexdl (4.7)
where Bex = ε
3µν∂µA
ex
ν and using eq(4.6), one gets relation the density ρ0 of electrons and
quantum fluxes, namely ρ0 = ν
Bex
2pi .
Quantum mechanically, there are different field theoretical methods to approach the quantum
states of this system, either by using techniques of non relativistic quantum mechanics [36],
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Figure 10: In the Laughlin picture, each electron is coupled with k quantum fluxes as shown
on the figure with k=3 . The relation νNφ = Ne reflects the identity between the densities of
electrons and quantum fluxes. As such the conservation of the total number of electrons may
be thought of as the charge of the Noether conserved current generating the diffeomorphism
symmetry of the y plane or equivalently the gauge symmetry of the Susskind NC effective field
model.
methods of conformal field theory especially for the study of droplets and edge excitations [31, 32]
or again by using the CS effective field model [33] describing the limit N →∞ of electrons where
now the Hall system is viewed as a liquid of particles. In this case, the Chern Simons theory
in the (2 + 1) dimensional space modeling the FQH Laughlin state of filling fraction ν = 1
k
is
obtained by interpreting the ρ0 density as
ρ0 = J
0 (y) , (4.8)
the time component of a (1 + 2) conserved Noether current J µ (y), which is realized, in terms of
(1 + 2) Chern Simons gauge field Aσ,
J µ (y) =
1
2π
εµνσ∂νAσ, (4.9)
In terms of this gauge field representation, the number of electrons reads as,
N =
∫
L
B =
1
2π
∮
∂L
Adl, (4.10)
where now B is the gauge invariant two form field associated with the CS gauge potential A. In
terms of this A field, the action describing electrons in presence of the external potential Aex
reads then as,
S[A] =
k
4π
∫
d3y εµνρ∂µAνAρ −
1
2π
∫
d3yJµAµ, (4.11)
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Variation of this action functional with respect to Aρ, one gets
kǫµνρ∂µAν = ǫ
µνρ∂µAν , (4.12)
which, after integration of the time component of this eq over the layer, one discovers the relation
(4.6) between the numbers N and Nφ.
The link between this field action and FQH fluids dynamics has been studied in details and
most of the results in this direction has been established several years ago [33, 37, 38, 39, 40, 41,
42]. However an interesting observation has been made few years ago by Susskind [1] and further
considered in [44, 45, 46, 47, 48, 51, 49, 50, 52, 53]. The novelty brought by the study made in [1]
is that: (1) Because of the Bex-field, level k NC Chern-Simons U(1) gauge theory may provide
a description of the Laughlin theory at filling fraction νL =
1
k . In this vision, Eq(4.11) appears
then just as the leading term of a more general theory which reads as:
S[A] =
1
4πν
∫
d3yǫµνρ[∂µAν ∗Aρ +
2i
3
Aµ ∗Aν ∗Aρ] (4.13)
−
1
2π
∫
d3yJµAµ,
where ∗ stands for the usual star operation of non commutative field theory [54]. (2) The above
NC Chern Simons U(1) action is in fact the N → ∞ of the following finite dimension matrix
model action:
S [Z,Ψ, A] =
k
4θ
∫
dtT r
(
iZ¯DZ − ωZZ¯
)
+ hc (4.14)
i
2
∫
dtΨ†DΨ+
k
2
∫
dtT rA+ hc.
In this relation Z = X1+iX2, Ψ is the Polychronakos field which play the role of a regulator; but
has a remarkable interpretation in brane language, and A is a Lagrange field multiplier carrying
the constraint of the system. The potential ωZZ¯ is introduced in order to keep the electrons near
the origin; but in our present study one may ignore it. In the large N limit the variable fields
x (t) are mapped to (1 + 2) ones X (y); which upon substituting the following Susskind mapping,
X i = yi + θεijAj , (4.15)
[yi, yj ] = iθεij . (4.16)
into eq(4.5), one discovers the leading order of the θ expansion of eq (4.13).
The analysis we have given here above concerns the Laughlin state; the ground state config-
uration of FQH systems. In what follows we want to generalize this analysis for the case of FQH
states with rational filling factor.
4.2 Extension for Multilayer States
One of the key points in the NC Chern Simons effective field approach of the Laughlin ground
state is the Susskind map, which reads, for the case of single layer system, as in eq(4.15), where
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θ is the usual NC parameter of the Moyal plane. In the multilayer case where we have n parallel
D2 branes, the above map should be thought of as,
xi1 = y
i
1 + θ1ε
ijA1j (y) , (4.17)
the map associated with the layer L1 parameterized by the real coordinates.
L1 :
{
y11 , y
2
1; y
3 = d1
}
(4.18)
In complex notations z1 = x
1
1 + ix
2
1 and w1 =
(
y11 + iy
2
1
)
, this splitting reduces to a more simple
form
z1 = w1 + θ1A
1
w (4.19)
where A1w ∼
(
A11 − iA
1
2
)
. In the case of a FQH system {∪aLa} with n layers parameterized by{
wa; y
3 = da
}
; the general form extending the Susskind map, one may write down, is
za = wa +
n∑
b=1
θabA
ba
w (4.20)
x3 = y3 = da
where now the extra index a refers to the n parallel layers of the system and where the CS gauge
fields Abaw carry a dependence on the layer spacing da moduli; that is,
Abaw = A
ba
w
(
w,w, y3
)
. (4.21)
Since layers are parallel, one may here also distinguish different configurations in one to one
correspondence with the U (n) symmetry subgroups. These configurations correspond also to the
various possibilities one has regarding the choices of the NC θab parameters. A natural way to
link θab and kab integers is as,
[wa, wb] = −2θab = 2i
kab
B
. (4.22)
We have already studied the general case where kab is an invertible matrix; in particular the link
with subgroups of U (n); here we shall focus our attention on the more symmetric case where the
za and wa variables are realized as,
za = z.pia; wa = w.pia, (4.23)
with pia are the projectors on the a−th states introduced in section 3 eq(3.9). This representation
satisfies
[w.pia, w.pia] = −2θ.pia = 2i
k
B
pia (4.24)
where k is an odd integer.
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Moreover as the layers are identified with D2 branes, one may think about the generalized
Susskind map fluctuations Abaw
(
w,w, y3
)
of eq(4.20) as describing quantum fluctuations of fun-
damental strings stretching between La and Lb layers. As such, one can represent collectively
the n2 functions Abaw
(
w,w, y3
)
in terms of n× n hermitian matrix as,
Aw (w,w, db) ∼ pia
∑
a
baw (w,w) +
1
1 + db−da
da
uba b
ba
w (w,w; da) (4.25)
where uab = |a >< b|. To have an idea on the way we have derived this approximation for the
layers gauge fields; set y3 = τ , the fields baw (w,w, da) = F (τ ),
F (τ) =
∫
dp
2π
F˜ (p) exp ipτ ; (4.26)
and da = τa, ordered as
0 = τ1 ≤ τ1 ≤ ... ≤ τn. (4.27)
Then use the limit τab small and the Heisenberg incertainty relation, pτ ∼ 1, to expand F (τ ) as
F (τn) ∼
(
1−
τn − τn−1
τn−1
)
F (τn−1) ∼ (1− ε)F (τn−1) , (4.28)
where ε is a small fluctuation. Note that this approximation, which is valid for τn−τn−1 <<< 1,
may be prolonged to the region τn− τn−1 >>> 1 just by thinking about (1− ε) as coming from
the expansion of the
1
1 + ε
∼ 1− ε+ 0 (2) (4.29)
Using this heuristic argument, eq(4.28) can also be thought of as
F (τn) ∼
(
1 +
τn − τn−1
τn−1
)−1
F (τn−1) (4.30)
Doing the same with F (τn−1), one gets by iteration, the following expression,
F (τm) ∼ F (τ1)
m−1∏
j=1
(
1 +
τ j+1 − τ j
τ j
)−1
(4.31)
Note also that the da dependence is in the prefactor of the second term of the right hand of
eq(4.25) allows to cover all possible layer configurations. For example, in the particular case
where db − da = 0 ∀a, b = 1, ..., n, the masses of the gauge field components are all of them
zero and the Aw = b
a
w (w,w)pia + b
ba
w uba gauge field is then in the adjoint representation of
U (n). The effective field theory one gets is a non commutative non abelian U (n) Chern Simons
model in (1 + 2) dimensions with level k. For the other special case where db − da >>> 0
∀a 6= b = 1, ..., n, the Aw gauge field reduces to the massless components baw (w,w)pia valued
in the U (1)n Cartan subgroup. Due to their masses, the other gauge components have heavy
dynamics and so decouple.
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4.2.1 NC U (n) effective field model
Using the partition relation of the identity in terms of the projectors, In =
∑n
a=1 pia, one
can express the generalized Susskind map for the case of a U (n) configuration for the layers, with
filling factor 1/k,
zI = wI + θA, (4.32)
where now Aw is in the adjoint of U (n). Following the same lines as in subsection 4.2, the NC
Chern Simons effective field model for the system of coincident layers, |db − da| <<< 1, with
filling factor 1
k
, is given by the following U(1)n NC Chern Simons theory;
S[Aµ] =
k
4π
∫
d3y ǫµνρTr[∂µAν∗Aρ+
2i
3
Aµ∗Aν∗Aρ −
2
k
∂µAν∗Aρ]
−
1
2π
∫
d3y ǫµνρTr[(∂µAν∗Aρ) (4.33)
To get the free filling factor ν from the above field action, it is enough to remember the expression
θ ∼ 1/ (νBex) which shows that the NC parameter depends on ν ; but also on the magnitude
of the external magnetic field. In the limit Bex very large and so θ small, one can expand the
previous action in powers of (1/Bex). At the leading order, the above action reduces to the usual
commutative non abelian U (n) Chern Simons model and so ν = n/k. This result is in fact valid
to all orders in (1/Bex) as in the Susskind NC U (1) model with filling factor 1/k. Note that a
more complete derivation for the filling fraction is also possible; it suffices to note that the total
number of particles Ne of the whole system is a conserved quantity, which in the present field
realization reads as,
Ne =
∫
∪La
d2y J 0nc, (4.34)
where now J 0nc is the density of a conserved current J
µ
nc on the NC space. Since the conserved
current associated to Nφ is just J µnc times the filling fraction ν, one sees that ν appears as a
global factor which does not depend on the way the calculations are handled.
4.2.2 NC U (n) Matrix model for multilayer states
The analysis we have developed so far applies as well to get the matrix formulation of the
generalization of the Susskind-Polychronakos regularized matrix model originally obtained for
the case of single layer. As U (n) gauge symmetry requires that all layers should be similar; that
is with same filling factor 1/k, it follows that the numbers Na of particles on La should, at any
time, be the same; i.e N1 = ... = Nn, and so the total number is N = nN . Keeping this feature
in mind, let us proceed as if the numbers Na were different; in the end we shall set the condition
N = nN .
Before going ahead recall that in the original Susskind-Polychronakos matrix model, corre-
sponding to n = 1 in our present study, the coordinates zα (t), of system of M electrons moving
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on the plane are thought of as described by a M ×M matrix field Z (t) in the adjoint of U (M),
with an action given by eq(4.14). In the case of the FQH multilayer system we have been con-
sidering here, the diagonal coordinates zαaa (t) are represented by Na ×Na square matrix fields
Zaa (t) while the zαab (t) non diagonal one are represented by Na × Nb “ rectangular ” matrix
fields Zab (t).
zαaa → Zaa; a = b
zαab → Zab; a 6= b (4.35)
The matrix field of the U (n) model for multilayers is then given by the N × N matrix Z (t)
transforming in the adjoint of U (N ) and may be expanded in different ways by using either the
CN basis or the Cn one. In the second case, the expansion reads as,
Z (t) =
n∑
a,b=1
Zab|a >< b|; (4.36)
where N = N1 + ... + Nn is the total number of particles of {∪aLa}. Each component Zab is
in the bifundamental
(
Na,Nb
)
of the U (Na) × U (Nb) group. Along with this matrix field and
in addition to the auxiliary Lagrange field A of similar algebraic nature as Z, one has also a
generalized Polychronakos field Ψ in the fundamental of U (N ), which can also be expanded as,
Ψ =
n∑
a=1
Ψa|a >; (4.37)
where each component Ψa is a polychronakos type field in the fundamental of U (Na). The action
of the regularized matrix model for multilayers generalizing the Susskind Polychronakos one reads
then as,
S [Z,Ψ, A] =
k
4θ
∫
dtTrU(N )
(
iZ¯DZ − ωZZ¯
)
+ hc
+
i
2
∫
dtΨ†DΨ+
k
2
∫
dtTrU(N )A+ hc, (4.38)
where DZ = ∂tZ + i [A,Z] and DΨ = (∂t + iA)Ψ. Eliminating the A auxiliary field, one gets
the following constraint eq [
Z, Z¯
]
+
2iθ
k
Ψ†Ψ = IN (4.39)
Taking the trace TrU(N ) of this relation, one obtains TrU(N )
[
2iθ
k
Ψ†Ψ
]
= N . Since N = nN and
as N = Nφ/k, one discovers that the filling factor of the U (n) regularized matrix model is n/k.
Moreover knowing that quantum corrections induce a shift of the level k by one, we end with the
following quantum formula,
ν =
n
k + 1
(4.40)
With this relation, we conclude the multilayer representation for FQH states with rational filling
factors and turn now to describe the hierarchical ones.
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5 Hierarchical Buildings
FQH states with filling factor that are not of Laughlin type exist also for the case of a single
layer L; that is a FQH system with a unique D2 brane. This is the case for instance for the so
called hierarchical states falling in Jain sequence [55]
ν(Jain)n =
n
2np± 1
(5.1)
and Haldane series [?],
ν(Hal)n =
1
p1 −
1
p2−...
1
pn
(5.2)
In the picture; one layer L ←→ one D2 brane, where one has only one U (1) gauge field, it seems a
priori not obvious to describe such kind of states using Chern Simons effective field model, which
require rather a kind of non abelian symmetry as it has been done in [14]. There, one is lead to
impose extra constraint eqs to recover the Wen-Zee effective field model for hierarchy [29]. In this
section we want to develop an other issue which has the advantage of being natural, based on a
powerful mathematical structure and does not need imposing constraint eqs. The main idea of
this method is based on having the correspondences; one layer L ←→ one D2 brane, and the LL
Landau Levels as a fiber bundles F above the D2 brane which plays the role of a base manifold
as exposed in subsection 2.2; see figures 2 and 3.
In this picture, hierarchical states with rational filling factors are described by a Chern Simons
effective field model on a fiber bundle F(B) whose base B is identified with the layer L ( D2 brane
) and fiber F given by a vector space V , whose vector basis are associated with the Landau levels
{LLi}. Before giving details, let us first review some general aspects of FQH states, belonging
to Jain and Haldane hierarchies, that are useful for our later analysis.
5.1 Effective Field Model
In the Wen-Zee effective field theory approach on a single layer, hierarchical FQH states
with rational filling factors are described by a (2 + 1) dimension gauge system of several U (1)
coupled Chern-Simons fields bIν carrying fractional electric charge. In this approach, the usual
Laughlin state with νL = 1/k is viewed as just the leading term νL = ν (n = 1) of a series ν (n),
n = 1, 2, ..., of FQH states for which general rational values of ν appears starting from the level
two of the hierarchy. In this picture, rational values of ν (n) emerge in a natural way and are
interpreted as due to successive particle condensations leading to FQH states occupying several
lowest Landau levels LLi. At a generic level n, that is for the n − th Landau level, Wen-Zee
model is based on the following action with n Chern Simons fields coupled as follows [29, 30],
S
[
b,Aex,Cexµ
]
=
1
4π
∫
d3y ǫµνρGij∂µb
i
νb
j
ρ (5.3)
−
1
2π
∫
d3y
(
ǫµνρqi∂µb
i
νA
ex
σ + lib
i
µC
µ
ex
)
,
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where li is an integer and C
µ
ex is an external source which has been interpreted in [8, 14] as the
gauge potential associated with the magnetic D6 brane. We will not consider this term here and
so ignore about it.
In the above functional, Gij is a n × n matrix, with specific integer entries, mainly defining
the underlying U (1)
n
symmetry group of this action and qi is the electromagnetic charge vector.
Recall in passing that, in addition to the electomagnetic invariance Uem (1), this action has an
extra manifest U (1)
n
symmetry acting as
bi′µ = b
i
µ + ∂µλ
i; i = 1, ..., n, (5.4)
where λi are n gauge parameters. Invariance under these transformations is mainly ensured by
the antisymmetric property of ǫµνρ tensor and the conservation of the external source ∂µC
µ
ex = 0.
Note also that Gij and qi are interpreted in Wen-Zee model as order parameters that classify the
various FQH states. Their link with the filling factor is given by the relation,
ν = qiG
−1
ij qj , (5.5)
allowing to distinguish between the various hierarchies. At level n = 2 for instance, the Jain and
Haldane order parameters Gij and qi are different; the first ones are given by,
Gij =
(
2p+ 1 2p
2p 2p+ 1
)
,
qi = (1, 1) , ν
(Jain)
2 =
2
4p+ 1
, (5.6)
with p an integer, while for Haldane model we have
Gij =
(
p1 −1
−1 p2
)
,
qi = (1, 0) , ν
(Hald)
2 =
p2
p1p2 − 1
(5.7)
where p1 odd integer and p2 is even. One of the interesting feature of the Wen-Zee effective
field theory eq(5.3), is that it reduces to the usual CS effective field theory of the Laughlin state
with filling fraction νL given by the fraction G
−1
11 = 1/ (2p+ 1). An other property, is that this
effective field model allows the description of FQH states with rational filling factor as shown on
eqs(5.6-7) for the specific case of level two. In what follows, we want to show that, in general,
there is one to one correspondence between the level of the hierarchy and the number of occupied
Landau levels {LLi} of the layer L. This property is at the basis of fiber bundle description we
have described in subsection 2.2.
35
5.2 More on Jain Hierarchy
Jain’s FQH states concerns a FQH layer involving the n lowest Landau levels. Its filling
factor νn (p) =
n
2np+1 follows from a hierarchical matrix G = In×n + 2pC
νn (p) = q
TG.q (5.8)
where C is a n × n matrix with all elements equal to one and where q is the electric n-vector
charge equal to (1, ..., 1). From the structure of the Jain hierarchical matrix G, which we prefer
to decompose as
G = (1 + 2p)
(
In×n +
2p
2p+ 1
E
)
(5.9)
where now E satisfies,
E2 = (n− 1) I + (n− 2)E, (5.10)
one sees that the total filling factor ν
(Jain)
n (p) = qTG−1q may be split as the sum of two terms,
one diagonal ν
(d)
n (p) and the other ν
(nd)
n (p) non diagonal,
ν(Jain)n (p) = ν
(d)
n (p) + ν
(nd)
n (p) . (5.11)
In absence of interactions between Landau levels; i.e in case where the G matrix is restricted to
the form G = (1 + 2p) In×n, then the free filling factors of the system is given by the sum over
the factors of each LLi. that is,
ν(free)n (p) =
n
2p+ 1
(5.12)
where n is also the result of the product qTq. In presence of interactions, the filling factor gets
extra contributions induced by couplings. To have an explicit expression of these contributions,
let us rewrite the splitting (5.11) as,
ν(Jain)n (p) =
n∑
i=1
ν(ii)n + 2
n∑
i≤j=1
ν(ij)n , (5.13)
where the diagonal term is
ν(d)n (p) =
n∑
i=1
ν(ii)n .
As the inverse of the hierarchical matrix is G−1 = [1− 2p/ (1 + 2pn)] I−2p/ (1 + 2pn)E, one can
easily compute the explicit expressions of the diagonal ν
(ii)
n and non diagonal ν
(ij)
n component
terms. We find
ν(ii)n =
1 + 2p (n− 1)
1 + 2pn
,
ν(ij)n =
−2p
1 + 2pn
, i < j (5.14)
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Summing over the n Landau layers LLi, one gets
n∑
i=1
ν(ii)n =
[1 + 2p (n− 1)]n
1 + 2pn
,
2
n∑
i<j=1
ν(ij)n =
−2pn (n− 1)
1 + 2pn
, i < j (5.15)
Denoting by
ν˜
(i)
eff =
n∑
j=1
ν(ij)n , (5.16)
the filling factor of the i− th lowest LLi of an effective FQH system of n lowest {∪ni=1LLi}; but
now without interactions, and using eqs(5.14), one finds
ν˜
(i)
eff =
1
1 + 2pn
(5.17)
As a result Jain series may be viewed as describing n decoupled effective lowest L˜Li levels with
filling factor given by eq(5.17). Each effective level is of Laughlin type. In Wen-Zee gauge field
approach, the decomposition (5.16) is equivalent to diagonalize the Gij∂µb
i
νb
j
ρ quadratic form.
5.3 More on Haldane Hierarchy
Haldane hierarchy concerns a FQH layer with filling factor ν
(Hal)
n ; that is not of the Laughlin
type. At a generic level n of the hierarchy, the filling factor ν
(Hal)
n = νn (p1, ..., pn),
ν(Hald)n =
1
p1 −
1
p2−...
1
pn
, (5.18)
is a series dependent on n integers and exhibits very special features basically inherited from
those of the continuous fraction,
ν(Cont)n = [p1, ..., pn] (5.19)
This series has a quite similar interpretation to the Jain one in the sense that it describes an
effective system of n lowest {∪ni=1LLi} of Laughlin type; but now with different effective filling
factors
ν˜
(i)
eff =
n∑
j=1
ν(ij)n ,
ν˜
(1)
eff 6= ν˜
(2)
eff 6= ... 6= ν˜
(n)
eff . (5.20)
The point is that the continuous fraction above exhibits very remarkable features which allows to
bring Haldane states into a system quite similar the Jain one. Indeed, it is not difficult to check
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that eq(5.18) can be usually put into the unique expansion form,
ν(h)n =
n−1∑
i=0
1
1 + 2qi+1
. (5.21)
where the qi+1 integers are given by,
qi+1 =
mimi+1 − 1
2
(5.22)
In these relations the mi are odd integers related to the Haldane pi’s by help of the following
recurrent formula as,
m0 = 1, m1 = p1 (5.23)
together with,
mi = pimi−1 −mi−2; 2 ≤ i ≤ n (5.24)
Since in Haldane hierarchy pi is even for 2 ≤ i ≤ n, it follows that all integers mi are odd and so
is the mimi+1 product. Thus, the filling factor ν
(Hald)
n in the Haldane hierarchy may be thought
as the sum over n effective Laughlin type states with filling factor 1
mimi+1
; but built one on the
top of the other as in Fiber bundle theory. With this picture in mind, we propose now to revisit
Wen-Zee field model using the geometric fiber bundle representation.
6 Wen-Zee Effective Field Model revisited
Here above we have shown that a single layer hierarchical states at level n may be thought
of as FQH states filling the n leading Landau levels. Here, we use the result of subsection 2.2
to give interpretation of the Wen-Zee model in terms of vector fiber bundles. Such analysis will
allows us to give, amongst others, a geometric interpretation to Jain and Haldane sequences; but
also permits us to build their non commutative field theory extension. Our construction answers
some questions raised in the literature concerning the Wen-Zee effective field model especially
the point regarding the conserved quantities of the model [21].
6.1 Fiber Bundles Approach: Commutative Case
Wen-Zee approach to fractional quantum Hall hierarchies on a layer L and its non commu-
tative extension may be given a nice geometric interpretation in terms of vector fiber bundles F
on D2 brane. We first reconsider the original Wen-Zee effective field model and then we study
its non commutative extension.
Commutative Case
The layer L, viewed as a D2 brane, has world volume parameterized by the {y = (yµ)} coordi-
nates. Fiber bundles F (L) = ∪yFy (L) are parameterized by (αi; y) where αi are some linearly
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independent vectors globally defined on L. Each fiber Fy (L) above the y point, which we have
denoted as V (L), is an infinite dimensional vector space with a canonical basis eq(2.12), and
has proper finite n dimension subspaces Vn (L) generated by {αi; 1 ≤ i ≤ n} and satisfying the
embedding (2.14), as a manifestation of the fact that {∪mi=1LLi} ⊂
{
∪m+1i=1 LLi
}
.
Given a level of the Wen-Zee hierarchy, say n, the intersection matrix αi · αj of the vector
basis of the fiber bundle is identified with the matrix Gij ;
αi · αj = Gij , 1 ≤ i ≤ n (6.1)
where Gij is exactly the matrix appearing in the fields model ( 5.3). To get the point, let us
illustrate the analysis on the familiar Haldane and Jain examples.
6.1.1 Haldane bundle
Since in Haldane hierarchy, the intersection matrix Gij depends on n integers p1,..., pn,
we shall characterize the Haldane bundle by these quantum numbers. At a generic level n, the
corresponding fiber Vn (L) will be denoted as
Vn (L) ≡ V
{p1,...,pn}
n (L) , (6.2)
This bundle can be obtained explicitly by solving eq(6.1) in terms of the canonical basis eq(2.12).
To illustrate further the method, let us construct the two first leading fibers and then give the
general result.
• Laughlin Fiber: V
{p1}
1 (L)
Since G11 = p1, the unique vector α1 may solved in terms of the vector basis (2.12) as follows,
α1 = η (e1 + e2 + ...+ ep1) (6.3)
where η is a number. Taking the norm of this vector; i.e
α1 · α1 = p1 (6.4)
one sees that η may be set to ±1;. we will choose η = 1. The choice of the plus sign in front of
each ei is due to the hypothesis requiring a complete symmetry under permutations between the
ei canonical vectors. Note in passing, though we suspect that the ei’s might have some link with
the number of quantum fluxes per surface unit, namely p1; we have not yet succeeded to figure
out convincing arguments valid at all levels of the hierarchy.
• Fiber: V
{p1,p2}
2 (L)
As we have said, this fiber describes the level two of the Haldane hierarchy. Using the result
(6.3) and putting back into eq(6.1), one can solve the expression of α2. This solution, which can
be chosen as,
α2 = −ep1 − (ep1+1 + ...+ ep2−1) . (6.5)
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is however not unique since the role of ep1 can be played by any vector ek, with 1 ≤ k ≤ p1. In
other words, the above expression has the manifest symmetry
α2 → α2 + (ep1 − ek) , 1 ≤ k ≤ p1 (6.6)
preserving the norm ‖α2‖
2
= p2 and leaving α1 · α2 = −1. Thus, the choice eq(6.5) corresponds
to a fixing of the symmetry α2 → α2 + (ep1 − ek) of the Haldane matrix.
The gauge field Aµ describing the effective field dynamics of the electrons moving in this
bundle depends on both the coordinate point y and the two directions α1 and α2 of the fiber
V
{p1,p2}
2 . In other words, the gauge field Aµ should be thought of as
Aµ (y) = α1b
1
µ (y) + α2b
2
µ (y) (6.7)
overcoming by the occasion the apparent difficulty figuring on the original Wen-Zee effective field
model. With this field realization, the Wen-Zee idea follows naturally from the following universal
action
S
[
Aµ,A
ex
µ
]
=
1
4π
∫
d3yεµνσ [Aµ∂νAσ − 2q.Aµ∂νA
ex
σ ] , (6.8)
where the q vector charge is such that q.α1 = 1 and q.α2 = 0.
• Generic Levels
The general result for the realization of the αi’s in terms of the canonical vectors eq(2.12) is,
αr = (−)
r+1
(
epr−1 +
pr−1∑
r=1
epr+j
)
. (6.9)
Here also the αi’s are invariant under permutations of the canonical vectors corresponding to
each LLi and may be expressed into different; but equivalent, ways as noted before. In this case
the gauge field bundle decomposition leading to the Wen-Zee effective field model at a level n is
given by,
Aµ (y) =
n∑
i=1
αib
i
µ (y) , (6.10)
while the q vector charge is such that q.α1 = 1 and q.αi = 0 for i ≥ 2.
6.1.2 Jain Bundle
The intersection matrix Gij of Jain hierarchy depends on two quantum numbers n and p as
shown on eq(5.6). At a generic level n, the corresponding Jain fiber Vn (L) denoted as
Vn (L) ≡ V
{p}
n (L) , (6.11)
40
is obtained by solving eq(6.1). To illustrate the method, note first that V
{2p+1}
1 (L) is the same as
in Haldane hierarchy eq(6.3). For the generic case where n and p are arbitrary positive integers,
a solution for the Jain matrix, G = In×n+(p1 − 1)C, is given by the following αi vectors
αi = β0 + ei; 1 ≤ i ≤ n (6.12)
where β0 is a fixed vector of norm ‖β0‖ = (p1 − 1), realized as,
β0 =
p1−1∑
k=1
e−k (6.13)
The αi vectors have norms ‖αi‖
2
= p1 and their intersection matrix G = (αi · αj) for i 6= j
is equal to (p1 − 1)C and for i = j is indeed In×n+(p1 − 1)C. The Wen-Zee effective theory
follows naturally from the action (6.8) by using eqs(6.10) and the relation (6.1).
6.2 Non Commutative Case
Here we describe the non commutative extension of Wen-Zee effective field model for hi-
erarchical FQH states by using the Fiber bundle approach. This construction goes beyond the
Susskind NC model and deals with FQH states, living in more than one lowest Landau level;
that is states which are not of Laughlin type. This fiber bundle construction seems to us as the
more natural framework to study NC extension of Wen-Zee effective field model on a single layer.
To get the key point of our procedure, we have judged useful to first derive what is the classical
description behind Wen-Zee model; that is the classical description where one is dealing with a
finite number of classical particles moving on plane. Then we turn to study the non commutative
extension of Wen-Zee field and regularized matrix models
6.2.1 Classical analysis
Since the order n of the hierarchy is also the number of lowest Landau level {LLi} of the
FQH layer L that are occupied by electrons, let Ni; i = 1, ..., n, denote the number of electrons,
at a given time, in LLi and Ne the total number of electrons moving in the layer. Of course these
Ni numbers are in general not conserved quantities; only their sum Ne which does,
Ne = N1 + ...+Nn (6.14)
dNe
dt
= 0; Ne = νNφ,
where Nφ is as used before. Let also x
µ
Ii
(t); µ = 1, 2, Ii = 1, ..., Ni; i = 1, ..., n, denote the space
positions of the electrons moving in L and vµIi (t) = ∂tx
µ
Ii
(t) their velocities. With help of the
fiber bundle description we have introduced above, these variables can be put into the following
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compact form,
xµI (t) =
n∑
i=1
αix
µ
Ii
(t) ; I = 1, ...,Ne
vµI (t) =
n∑
i=1
αiv
µ
Ii
(t) (6.15)
Taking n=1, one discovers the usual simplest case associated with Susskind and Susskind-
Polykronakos models [1, 5]. Like in the standard case, the classical dynamics of this system
of charged particles in presence of a strong enough external magnetic field Bex is mainly gov-
erned by the following action,
S[x,v] =
eBex
2
∫
dt ε0µν
Ne∑
I=1
vµI x
ν
I (t) , (6.16)
or equivalently by substituting vµI and x
ν
I by their initial expressions,
S [x, v] =
eBex
2
∫
dt ε0µν
 n∑
i,j=1
Gij ∂tx
µ
Ii
xνIj
 , (6.17)
where Gij is as in eq(6.1). In the thermodynamic limit where Ne goes to infinity, the one dimen-
sional vectors xµI (t); µ = 1, 2, are maps to a (1 + 2)-dimensional vector fields X
µ
I
(
t, y1, y2
)
=
αiX
µ
Ii
(
t, y1, y2
)
and the condition of conservation of the total number of particles (6.14) is mapped
to a condition of existence of a (1 + 2) conserved current J µ,
∂µJ
µ =
∂ρ0
∂t
+ ∂iJ
i = 0 (6.18)
The current density J 0 = ρ is just the density of electrons per surface unit of the layer L and so
Ne =
∫
L
d2y.ρ0;
dNe
dt
=
∫
L
d2y
∂ρ0
∂t
. (6.19)
There are different ways to handle such relation; a way to do is to take the simple scenario where
ρ0 is time independent and the flux of particles is conserved; i.e
∂ρ0
∂t
= ∂iJ
i = 0 (6.20)
A furthermore simple choice is to suppose that, in addition to the above relations, the density ρ0
is uniform as well like in Susskind formulation for Laughlin states;
∂ρ0
∂t
=
∂ρ0
∂yi
= 0, (6.21)
This is the choice we will adopt in this discussion. Note that under diffeomorphisms of the plane,
i.e y′ = y′ (y), the total number Ne of electrons in {(∪iLLi;L)} is invariant and so one has
ρ0 = ρ
′
∣∣∣∣∂2 (y′)∂2 (y)
∣∣∣∣2 . (6.22)
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This relation implies, amongst others, that in the large Ne limit, the discrete sum and integral
over the coordinates of L are related as
Ne∑
I=1
...←→
∫
L
d2y.ρ0, (6.23)
Note in passing that like in multilayer system, the total number Ne of particles in {∪iLLi}, at
any time, should be thought of as given by a sum over the Ni numbers of particles in the Landau
levels LLi but also on the Nij numbers of particles traveling between the Landau levels. This
property which goes along with the natural identity,
Ne∑
I=1
... =
n∑
i=1
Ni∑
Ii=1
... (6.24)
suggests that, at any time, the total density ρ0 is in fact given a sum over the ρ
(ij)
0 densities; n
densities of particles ρ
(i)
0 concerning the Landau levels LLi; but also densities ρ
(ij)
0 concerning
those particles traveling between Landau levels. As such we have;
ρ0 =
n∑
i,j=1
ρ
(ij)
0 . (6.25)
which may also be expressed, in terms of the αi vector basis of the fiber bundle, as
ρ0 =
n∑
i,j=i
αi.αi ηij . (6.26)
In the present generalized Susskind analysis, we will not need eqs(6.25-26); and so forget about
them for the moment. Putting the correspondence eq(6.23) in eq(6.16), one gets the following
(1 + 2) dimension field action
S[X,V] =
eBex
2
∫
L
d3y ρ0 ε0µνV
µXν , (6.27)
This is a constrained system; the conjugate momentum Πµ of the field variable X
µ, which reads,
as
Πµ =
eBex
2
ρ0 ε0µνX
ν , µ = 0, 1, 2, (6.28)
has a vanishing time component and so the action can also rewritten as
S[X,Π] = −
∫
L×R
d3y Πµ.X
µ (6.29)
Since the following change under area preserving diffeomorphisms of the plane
δXν = ε0αβ∂αX
ν∂βλ, (6.30)
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where λ is the parameter of the group, is a symmetry of the action, the quantity
Nφ =
∫
L
d2y .ε0αβ∂βΠν∂αX
ν =
∮
Γ
ΠνδX
ν , (6.31)
is a constant of motion, that is dNφ/dt = 0 which implies in turns that
∂t
(
ε0αβ∂βΠν∂αX
ν
)
= −∂β
(
jβ
)
. (6.32)
This eq is naturally solved for jα = ε0αβΠν∂αX
ν . In absence of vortices, the charge density
ε0αβ∂βΠµ∂αX
ν of the quantum number flux can also be written, up to a multiplicative global
factor eBφρ0, as
1
2
ε0νµε
0αβ∂βX
µ∂αX
ν =
1
2
ε0µν {X
µ,Xν} = 1, (6.33)
where {f (y) , g (y)} = ε0αβ∂αf∂βg stands for the usual Poisson bracket. Such constraint eq,
which reflects just the link between the two constant of motion Nφ and Ne,
νNφ = Ne, (6.34)
has a very remarkable structure and deep consequences. By using the usual star product ∗ of NC
geometry on the Moyal plane, eq(6.33) can be rewritten in a more suggestive form as follows
Xµ ∗Xν −Xν ∗Xµ = θε0µν + 0
(
θ2
)
(6.35)
where the non commutative θ = 12piρ0
= 1
eBφν
. Moreover as Xµ ∗Xν = GijX
µ
i ∗X
ν
j , one discovers
that the θ non commutative parameter is in fact given by the following trace
θ = Gijθ
ij , (6.36)
in agreement with ρ0 = Gijη
(ij)eq(6.26), and the Susskind observation regarding Laughlin states.
As usual, the constraint relation(6.33) can be implemented into the action (6.27), by intro-
ducing a Lagrange parameter Λ0. The result is
S[X,Λ0] =
eρ0Bex
2
∫
L
d3y .ε0µν
[
(∂0X
µ − θ {Xµ,Λ0})X
ν + θε0µνΛ0
]
. (6.37)
At this level, one may derive directly the analogue of Susskind Polychronakos matrix model of
Laughlin states to the case of hierarchical ones; let us give this result in our path for the quest
for the general effective field model for FQH states with rational filling factors.
6.2.2 Matrix model for Hierarchical states
Using the correspondence (6.23), and viewing now Xµ as Ne × Ne hermitian matrix with
an expansion as in eq(6.10), where the Ne × Ne component matrices X
µ
i have only Ni non
zero diagonal elements corresponding to the number of electrons on the Landau levels LLi. For
instance the Xµ1 matrix is as follows,
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(Xµ1 )II 6= 0 for 1 ≤ I ≤ N1
(Xµ1 )II = 0 for (N1 + 1) ≤ I ≤ Ne. (6.38)
More generally, we have for i = 1, ..., n, the following matrix representation
(Xµi )II 6= 0 for (Ni−1 + 1) ≤ I ≤ Ni
(Xµ1 )II = 0 Otherwise for. (6.39)
The way in which the Xµi ’s couple to each others is given by the explicit form of the Gij inter-
section matrix of the fiber bundle. Setting
Z = X1 + iX2; Z = X1 − iX2, (6.40)
together with the expansion
Z =
n∑
i=1
αiZi; Z =
n∑
i=1
αiZi (6.41)
the regularized finite Ne version of the continuous action eq(6.37) reads as
S [Z,Ψ,Λ] =
1
4νθ
∫
dtTr
(
iZ¯DZ− ωZZ¯
)
+ hc
i
2
∫
dtΨ†DΨ+
1
2ν
∫
dtT rA+ hc. (6.42)
where A is a time component gauge field playing the role of a Lagrange matrix field parameter
and D is the usual time covariant derivative. Finally Ψ is a kind of generalized Polychronakos
field playing the role of a regulator; it has an expansion type eq(6.10). Variation under the
Lagrange parameter leads to the constraint equation,[
Z, Z¯
]
+ 2iθνΨ†Ψ = INe (6.43)
or equivalently, up on taking the trace and using the fiber bundle expansion,
TrΨ†iΨj = −i
Ne
2θν
G−1ij . (6.44)
6.2.3 NC extension of Wen-Zee field Model
Following Susskind idea, the NC extension of the Wen-Zee gauge field model may be obtained
by starting from eq(6.27) and making the change of variables,
Xµ (y) = ε0µνHν (y) , µ = 1, 2 (6.45)
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where Hν (y) are taken as,
Hν (t, y) =
n∑
i=0
θib
i
ν (t, y) = θob
0
ν +
n∑
i=1
θib
i
ν (6.46)
= θ
n∑
i=0
αib
i
ν = θbν . (6.47)
In this expansion, θ is a dimensionful parameter scaling as (lenght)
2
and biν scale are gauge fields.
These are fluctuations around the time independent background yµ = ε0µνθb0ν . The missing time
component bi0, will be generated later on from the constraint eqs. Putting this change in the
action (6.27), one gets
S[b] = −
eρ0θ
2Bex
2
∫
L
d3y ε0αβ ∂0bαbβ , (6.48)
which reduces to sums over i an j starting from 1 to n,
S[b] = −
eρ0θ
2Bex
2
∫
L
d3y .ε0µν
n∑
i,j=1
αi.αj∂0b
i
µb
j
ν , (6.49)
where we have used the property ∂0b
0
µ = 0. Doing the same thing for the constraint eq(6.33),
θ2
2
ε0µσ {bµ,bσ} =
θ2
2
ε0µσ
n∑
i,j=0
αi.αj
{
biµ, b
j
ν
}
= 1 (6.50)
or equivalently by setting α0.α0 = 1 and using the identity used {yn, h} = εnm∂mh,
ε0µν
 n∑
i=1
α0.αi∂[νb
i
µ] − θ
n∑
i,j=1
αi.αj
{
biµ, b
j
ν
} = 0, (6.51)
Setting G0i = α0 · αi, this constraint eq may be rewritten in a more condensed form as,
ε0µν
(
G0i∂[νb
i
µ] − θGij
{
biµ, b
j
ν
})
= 0. (6.52)
Note that due to this constraint eq, the original Wen-Zee n× n matrix Gij is now extended to a
(n+ 1)× (n+ 1) matrix Sij of the form; see also eq(2.17),
Gij =
(
1 G0j
Gi0 Gij
)
(6.53)
Injecting this constraint eq into the action (6.49) by help of a Lagrange field multiplier Λ, we get
the following
S [b] = −
eρ0θ
2Bex
2
∫
L
d3y .ε0µν
[
Gij∂0b
i
µb
j
ν
]
(6.54)
+
eρ0θ
2Bex
2
∫
L
d3y .ε0µν
[
Λ
(
G0i∂[νb
i
µ] − θGij
{
biµ, b
j
ν
})]
.
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Then introducing the time component gauge fields bi0 (y) by setting
ΛG0j = −Gijb
i
0 (6.55)
or equivalently
Λ = −GijG
−1
j0 b
i
0; b
i
0 = −ΛG0jG
−1
ji (6.56)
one can bring the action (6.54) into the more familiar form,
S [b] =
1
4π
∫
L
d3y .εµνσ
[
Lij∂µb
i
νb
j
σ −
θ
3
Cijk
{
biµ, b
j
ν
}
bkσ
]
, (6.57)
where
Lij = eθBexGij ; i, j = 1, ..., n
Cijk =
eθBex
3
G(ijGk)lG
−1
l0 . (6.58)
In deriving this relation, we have used the antisymmetry and the associativity
{
biµ, b
j
ν
}
bk0 =
biµ
{
bjν , b
k
0
}
properties of the Poisson braket as well as the cyclicity identity Cijk = Cjki = Ckij .
Note that the presentation we have given above may be also expressed in a more condensed form
by using fiber bundle vector basis. In this way of doing, the constraint reduces to
ε0µν
(
∂[νbµ] − θ {bµ,bν}
)
= 0, (6.59)
where we have set,
∂ν= γ ∂ν , (6.60)
and where the γ vector is built in terms of the αl’s as,
γ =(αl.α0)
−1
αl; γ.α0 = 1 (6.61)
This relation is dictated from eqs(6.55-56), which shows the the Larange field parameter Λ can
also be written as
Λ = −γ.b0 (6.62)
Now using eqs(6.60-62), the effective field action reads, at an any order of θ, as follows
S
[
bµ,A
ex
µ
]
=
1
4π
∫
d3yεµνσ
[
bµ ∗
(
α0∂ν +
2i
3
γ.bν
)
∗ bσ
]
−
1
2π
∫
d3yεµνσ [q.bµ ∗ α0∂νA
ex
σ ] (6.63)
where ∗ is the usual Moyal product.
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7 Discussion and Conclusion
So far we have studied the NC effective field and matrix models for FQH states with rational
filling factors. These states come either from: (1) a multilayer system {∪aLa} of Laughlin type;
that is the La’s have individual filling factors 1/ka or (2) as a singular layer hierarchical states.
The latter were interpreted as describing branches of the Hall fluid and were realized in terms of
fiber bundles on the layer L. What remains to do is to complete this study by giving the case
where FQH states with rational filling factors that come from multilayer hierarchical systems;
see figure 11. This is not a problem since we have all the necessary tools to study this question.
Figure 11: This figure represents a specific FQH system of n parallel layers {La} with closest
interactions. Each layer La has ma occupied Landau levels. The filling factor is usually given
by a formula type eq(3.53). For layers with different individual filling factors νa; the symmetry
of the model is U (1)
n
; while for the case where some of the νa’s are equal, one may have non
abelian subgroups of U (n). More general FQH states involve obviously more complicated simplex.
To that purpose, we start from eq(6.63) describing the effective field model for a single layer
hierarchical states and implement the non abelian structure induced from the base B consisting
of n D2 branes. In the special case where |db − da| goes to zero and moreover all individual
hierarchical states of the layers are identical,
νm1 = νm2 = ... = νmn = νm (7.1)
one has an exact non abelian U (n) symmetry and so the NC effective field gauge action follows
48
by substituting the single layer vector bundle bµ field by the following n× n matrix,
Bµ =
n∑
a,b=1
uab B
ab
µ (7.2)
where uab is as in eq(2.20) and where B
ab
µ are gauge fields connecting layers. These fields are
also vectors of the fiber bundle and have the decomposition
Bµ =
nm∑
i=1
αi B
i
µ (7.3)
where αi is the vector basis of the fiber bundle F(B) based on {∪aLa}. Taking into account both
the decompositions (7.2-3), we can also expand Bµ as
Bµ =
n∑
a,b=1
nm∑
i=1
αi b
iab
µ uab (7.4)
where biabµ are the gauge components on the vector bundle F(∪
n
a=1La), see eq(2.19). The general-
ized intersection matrix extending the single layer matrix of eq(6.1), which correspond to setting
n = m = 1, reads as
αi.αj = G˜ij ; i, j = 1, ..., nm (7.5)
With these fields and intersection matrix, one can write down the generalized NC effective gauge
field model for hierarchical states living on the multilayer system. In the case all layers have the
same filling factor, the action of the model has a non abelian U (n) gauge invariance and reads
in terms of the Biµ component fields as
S
[
Bmσ ,A
ex
µ
]
=
1
4π
∫
d3yεµνσ G˜ijTrU(n)
[
Biµ ∗ ∂νB
j
σ +
2i
3
G˜−10l G˜lk B
i
µ ∗B
k
ν ∗B
j
σ
]
−
1
2π
∫
d3yεµνσTrU(n)
[
qi.B
i
µ ∗ α0∂νA
ex
σ
]
(7.6)
Like for eq(6.63), this action may be rewritten in a more condensed form, without using the
expansion (7.3), as
S
[
Bµ,A
ex
µ
]
=
1
4π
∫
d3yεµνσTrU(n)
[
Bµ ∗
(
α0∂ν +
2i
3
γ.Bν
)
∗Bσ
]
−
1
2π
∫
d3yεµνσTrU(n) [q.Bµ ∗ α0∂νA
ex
σ ] , (7.7)
where ∂ν and γ are as in eqs(6.60-62). Since in the above U (n) symmetric model, all layer have
same individual filling factor νm, the total filling factor of this system is,
νtat = nνm. (7.8)
It extends naturally the case νtat = nν1 = n/k eq(1.4), where all the layers of the system are
in the first Landau level; that is of Laughlin type. Along with this U (n) maximal symmetric
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situation, one can also derive the other phases of the multilayer system corresponding to the
situations where the maximal U (n) gauge group is broken down to subgroups. Though a little
bit cumbersome, these phases are easily computed by following the same lines of the analysis
that we have given in sections 3 and 4.
To conclude, we have studied in this paper NC effective field and matrix models for FQH
states with rational filling factors. After having given a classification of such states, we have
presented our way in handling multilayer and hierarchical states with rational filling factors by
using the correspondences: one layer La ←→ one D2 brane and thinking about Landau levels
{LLi} as fiber bundles on these D2 branes; i.e
La ←→ D2←→ B = Base manifold,
LLi ←→ F (D2)←→ V = Fiber bundle (7.9)
Then, we have studied several representations of FQH states with rational filling factors. These
realizations are mainly given by the three following:
(a) Multilayer FQH states where all layers are taken in the first Landau levels. Here we have
shown that solutions preserving gauge invariance constraint eqs are specified by the |db − da|
distances separating branes; but also by the individual filling factors νa. Although the distances
|db − da| go to zero ∀a, b, U (n) invariance is not automatic; it requires moreover that all individual
filling factors νa have to be equal. This remarkable property has allowed us to distinguish between
various kinds of effective fields models; in particular those having abelian gauge symmetries with
and without interactions. In section 3, we have studied examples of these solutions and derived
new kinds of series, such that
ν =
k1 + k2
k1k2 − l2
; k1, k2 odd integers, (7.10)
containing as special cases the level two Jain and Haldane sequences.
This study has also permitted us to shed more light on the varieties of generalizations of
Haldane wave functions one encounters in FQH literature. We have taken the opportunity to
propose a classification of the generalizations of Laughlin wave function. To our knowledge neither
the wave function generalizing the Laughlin wave function with maximal U (n) gauge symmetry
we have obtained in the present study eq(3.61), nor the classification of their generalizations had
been known before. Commun results in this matter are naturally covered in our present analysis.
(b) Motivated by the natural correspondence (7.9), we have revisited Wen-Zee effective field
model used to describe hierarchical states. First we have shown explicitly that the level of the
hierarchy is also the number of the lowest Landau levels {LLi} and, as far as Haldane and Jain
series are considered, each level of the hierarchy may be though of as described by a kind of
Laughlin type state. Though this property is quite manifest on the Jain models; it is however
no so obvious for Haldane states. In this regards, we have shown, using an exact mathematical
result, that Haldane series may be usually decomposed as a sum over Laughlin type states. To our
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knowledge such a feature was checked only through specific examples such as 2/5 = 1/3 + 1/15
and 3/7 = 2/5+1/35. In subsection 5.3, we have given the exact result to any order; see equations
(5.21-24). After having built explicit realizations of Jain and Haldane fiber bundles and shown,
amongst others, that Wen-Zee gauge field model follows in straightforward way using fibration
ideas, we have studied NC effective field and matrix models extending the Wen-Zee commutative
one and recovering the Susskind NC field and Susskind Polychronakos matrix models as special
cases.
(c) Combining single layer hierarchy and multilayer states representations, one gets the general
situation of FQH fluids. We have also studied this representation and have shown that there are
several cases depending on the layers spacings, gauge symmetry and individual filling factors.
The most U (n) symmetric solution one can imagine, has been discussed in the beginning of this
section. The general result for subgroups of U (n) follows naturally from the discussion we have
given in this section and the study made in sections 3, 4 and 6.
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